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I. INTRODUCTION

A, Nature and Purpose of the Problem

The modern theories of molecular electronic structure
are necessarily based on the principles of wave mechanics,
Assuming that these principles are correct, the limita-
tions which perpetually appear in problems of chemical
valency may always be traced to formidable mathematical
complications, The solution of these difficulties genere
ally leads to an increased accuracy of descrivtion, but
nearly always tc a loss of conciseness and simplicity.

The latter, on the other hand, constitutes one of the
principal, although not always well manifested, designs

of theoretical chemistry. Nevertheless, simple explana-
tion, if it is to have the greatest degree of universality,
must not only be supported by the primary measure of exjcr-
imental verification, but also be capable of correlation
with more rigorous interpretations, Oftentimes, this cor-
relation becomes a valuable ald in devising more prolifiec
simplifications,

The molecular orbitsl (MO) approximation is one of the
important methods which is utilized for dealing with the

problems of molecular guantum mechanics, It 1s simple in



-

the respect that 1t represents the natural extension of
well-known atomic concepts to the molecular domain., In
practice, the method has found a large degree of success
on gualitative and semi-empirical grounds. Recently,

C. C. J. Roothaan (1) has outlined a rlgorous, yet
straightforward, mathematical formulation of self-
consistent field (SCF) MO theory, Into this, he has
incorporated the linear-combination-of-atomic-orbltals
(LCAO) approximation in a very generalized fashion. The
SCF method secures the best possible wave function withln
the scope of the MO treatment. Most applications have been
confined, however, to relatively speclific areas where cer-
tain conditions of geometrical symmetry permlt tractable
computations, More general cases are certainly in need of
consideration and solution,

It has been the first objective of thls research to
secure the best SCF MO wave functlon for the water molecule
in the LCAQO approximation. This molecule, although belng
the simplest of all common polyatomlcs, affords an excep-
tional Insight into the physical laws of electronlc struc-
ture. Thus, in the light of the foregoing comments, the
secondary ends of the work have been to provide the
following: (1) a means for a better understanding of
the water molecule itself; (ii) a means to test the valid-

ity of the rigorous LCAO MO approach; and (1ii) a means of
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examining the limitations of simplified and related ap-

proaches to the solution of electronic structure.

B. Organization of the Thesis

The thesis 1g divided into four main chapters follow-
ing this introduection. Chapter II is devoted to an exposi-
tion of the previous theoretical treatments of the water
molecule and previous SCF MO treatments of other mole-
cules. This same chapter 1s prefaced by a brief descrip-
tion of the approximations utilized in problems of elec~-
tronic structure.

Chapter III is concerned dlrectly with the SCF MO
treatment of water. he first part describes the peneral
mathematical application of the theory to this special
case, and the second part gives the evaluation of inte-
grals involved in the energy calculation. The estimation
of three-center integrals constitutes the only approxima-
tion not inherent in the LCAO SCF MO theory which has been
introduced into this treatment. Finally, the third part
of this chapter relates and interprets the results of the
calculations.

Chapte; IV 1ists the major conclusions of the work,

and Chapter V glves a brief summary.
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IT. REVIEY OF THE LITERATURE

A, General Consideratlons

1, The initlal approximation

A molecule is here defined as any system of atomiec
nuclei and electrons, The problem of determining the
electronlec vropertles of such a system is the solution

of Schrgdinger's equation:

NY, = E. Y., (2.1)*

where ® is the total electronlc hamiltonian,’** expressed
in atomic units,# for the system of N electrons in the
field of M muclel held fixed in space; viz.,

wr

N 0o
B oeaz(vh2. £x
z K

m

N i
+ 1 .7 (2.2)
%v‘;:a iV

B

*Equations will be designated in this manner. The first
number refers to the chapter, the second to the sequen-
tial position of the equation within that chapter.

**Magnatic effects due to the interaction of spins and
orbital motions of the electrons willl be neglected
throughout,

#0ne atomic unit of length (a.u.) equals one Bohr radius,
0.5292 angstrom units (A); one atomic unit ol energy
(a.u.) equals twice the ground state enerpgy of the hydro-
gen atom, 2 x 13.602 electron volts (e.v.).

#§Subscripts will generally be used to identify functions,
superscripts to denote electrons and nuclel.
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The function ﬁFf may be reparded as the electronic eigen-
funetion of the operator M corresponding to the state with
the sigenvalue Er. Concern will be had only for this
electronic part of the molecular wave function, the trans-
lational, vibrational and rotational parts being 3eparéted
off (2, pp. B0=-82, 190-192),

The starting point of the common approximation methods
is the series expansion of TFf in terms of more simple
electronic state functions Ilg:*

Fo® Tem Poogll - (2.3)
The result I", of such a sunmatlon will equal 1?f only if
the serles 1s carried over a complete set of functions,
If the inltial terms are chosen wisely, the convergence

is expected to be rapid., Minimization of the energy,
Ep = fPfHI’rdv , (2.11)

with respect to the afg leads to the secular equstion:

*It should be noted here that approximations of V. are

not limited to those leading to this type of expagsion.

By using complicated functions, wlth a sufficlent number
of variable parameters, very successful results have been
secured for some simple molecules (cf. 3). Nearly perfect
wave functions have thus been obtalned without resorting
to extremely long series. Such approximations are adapt-
able to the general case only with extreme complications.
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|Hget - SggiEl= 0, (2.5)

in which Hggt = j?ig?ngadv and Sggt = gfigflgvdv. This

is solved for the roots, E, of which the lowest, Ep, deter-
mines an upper limit to Ef. The coefficlents afg corre-
sponding to the variation function (2.3) are then deter-
mined by substituting Ep Into the simultaneous equatlons
from which (2.5) was derived,

The Pauli kExclusion Principle restricts the electronile
states whieh actually occur to those corresponding to the
eigenfunctions 'Yf which are antlsymmetric with respect to
an interchange of any two electrons (2, p. 130). There-
fore, the functions I7f, as well as the Ilg's, must also
have this property.

There are several properties of the elgenfunction ﬂyf
which can be utilized in simplifying the choice of flg's
and facilitating the solution of (2.5). If a molecule has
symmetry, the wave functions can be classifled according to
the irreducible representations of the symmetry group of
the molecule to which they belong (1), Also, since the
operators S2 and $, commute with M for all molecules, the
eigenfunctions q?f may be chosen so that they are simul-
taneously eigenfunctions of all of these operators (2, p. 233).
Then, if the functions flg are chosen so as to belong to

symmetry specles of the molecule, and to have definite
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total spin and component spin angular momentums, the ex-
pansion (2.3) is considerably simplified. The afg will
equal zero unless the (L, is identical with ¥o in these
properties.

In the approximation methods under consideration, the
basic electronic configuration wave functions which are
utilized are always eigenfunctions of 3,. On the other
hand, they are not necessarily eigenfunctions of S2 nor
members of lrreducible representations of the molscule.
The flg's, which are taken to possess these properties,
may be constructed from these basic functions as sultable

finite llinear combinations:

Bquations (2:3) and (2.6) now form the bases of the
valence bond (VB) theory as well as the complete MO theory
with configuration interaction (CI).” In the next two
sections, a brief description of these two approximations

will be undertaken.

*Recently, Moffitt (5) has suggested a new approach to
problems of electronic structure, based upon these same
two equations.
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2. The MO approximation®

This method, as was polnted out in the introduction,
is an extension of the guantum mechanical treatment of
atoms to molecules., This leads naturally to the identi-
ficatlon of the functions @, as antisymmetrized products
(AP's) of one-electron molecular spinorbitals (MSO's)., If
the latter are denoted by the functions 'Wg, an MSO product
wave function corresponding to a given N electron configu-

ration may be written as follows:
Ay e N2 YH . (2.7)

This function is then antisymmetrized and normalized to
give

N
pow MA Ly = HODETCDPPA, ,  (2.8)

where Ny, is the normallzing factor and A 1s the antisymme-
trization operator as indicated. Ny 1is unity 1f the MSO's
are orthonormal,

It is often necessary to take linear combinations of
the  , as indicated in equation (2,6). Then equation (2.3)

expresses the basic MO CI approximation.

*This deseription 1s largely drawn from (1) and (6).
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One may now define the term electron shell, as used
in MO theory, as

+ + . & set of M30's in which (i) every MO

occurs twice, namely, once with either spin,

and (i1) 1f there 1is degeneracy on account of

molecular symmetry, the MO's in the shell form

a complete degenerate set (1, p., 71).
Most molecules have such a closed shell structure in the
ground state, that 1s, in the lowest energy state in which
the electrons have been placed in the lowest energy MSO's,
Such a closed shell structure may be depicted as a single

gg.% The true electronic state ﬂ?f which corresponds to
this closed shell structure should be reasonably approxi-

mated by this single AP:
Yf'—‘-‘ I"f*-'ﬂf-§f. (2.9)

This should be moderately true only for a closed shell
molecular ground state, since all other states of the
same symmetry would be expected to be far removed in ener-
gy. For excited closed shell structures, it is very likely
that CI would be of importance,

Assuming no spin-orbit interaction, which is, indecd,
a very good approximation for light atoms, the MSO's may be
separated into two factors, These are separately dependent

upon space and spin coordinates, and wriltten as follows:

*A closed shell AP, &3, is always totally symmetrical and
singlet (zero total spin angular momentum).
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¥ =,5{‘: : | (2.10)

where « denotes spin of »lus one-half and F spin of minus
one-half, Two electrons with opprosite spins may thus
occupy one MO,

Equations (2.7) to (2,10) thus form the bases of the
ordinary MO approximation. The specific formulation for
the ground state of the water molecule 1is straightforward,
The ten molecular electrons are placed in the five lowest

energy MO's, so that equation (2.7) may be written:

(2.11)

The problem is then to determine the formulatlons of the
various MO's in order to secure closest correspondence of
§'o with QTO, the true electronie ground state eigen-
function.

3. The VB approximation®

This method ls an extension of the approximation first

*This description is partially drawn from (2, pp. 232-240).



used by Heltler and London (7) for the two electron hydro-
gen molecule problem., The fundamental approach is one
which is well suited to chemical descrlption, inasmuch as
the functions utilized are quantum mechanlical analogues of
cormon structural formulae, On the other hand, the method
suffers in that it is diffioult to apnply with rlgor, and
has thus been restricted more than MO theory to qualita-
tive and seml-empirical success,

The elementary functions used in constructlng the
@hfsﬁ are the atomle orbitals (ég's) of the separated
atoms which constitute the given molecule., The first step
ls to distribute the electrons among these AO's in a pre-
cise manner, viz., one electron in each bonding AQ and two
in each AQ corresponding to a lone pair. The spins are
assigned so that the total 1s egual to zero. The product
of AQ's with electrons thus assipgned is then antisymme-
trized so as to conform to the Paull IExclusion Principle,
These are the éh functions of VB theory given in equa-
tion (2.6). For a given set of AQ's, there will, of
course, be several ways of distributing the electrons,
and, therefore, several @h's.

The formmulation of the Ilg's may be carried out in

two steps, the first of which results in sets of functions

#*Tdentical symbols for analogous functions 1n the VB and
MO methods will be utilized. This considerably reduces
the number of different symbols required. It will always
be evident to which approximation they refer.
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having the same eigenvalue of $2, the second giving func-
tions of correct symmetry. One takes linear combinations
of the @h's in such a manner that a change of sign results
if two electrons forming a bond have theilr spin functions
interchanged. This corresponds to the fact that the spin
function assoclated with a stable bond 1s antisymmetric in
the electrons, The final'flg's are determined by symmetry
requirements, This method of construeting the flg's will
be clarified in 1lts application to the water molecule
(vide infra).

The electronlc state of a molecule is represented as
a superposition of the "structure" wave functions flg ac-
cording to the formulation of eguation (2.3). This has
special significance from the chemical viewpoint, inasmuch
as it represents the state of a molecule not by any conven-
tional formula, but by a "resonance" between several. The
structures which are relevant to a singlet totally symmet-
rical ground state are only those which have just these

properties,

B. Theoretical Treatments of Water

1. The classical electrostatic models

Before detalled consideration of the quantum mechani-~

cal treatments of Hp0, brief mention should be made of some
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of the earlier theories in order to make this survey
complete,

P. Debye (8) based a1is work on the conceptlon of polar
molecules as being systems having a distribution of elec-
trical charge which could be characterized by a permanent
electrlic moment. He consldered Ho0 as belng made up of two
protons and an oxygen ion. VUtilizing formulae based upon
atomic and molecular polarizabilities, Debye was able to
consider the various pvossible geometrical confipurations
and determine which would be most stable, ile was able to
reduce the possibilitles to two, each with an 0-H distance
of about one angstrom, one with an H-~-0-H bond angle of
6ly degrees, the other, 110 degrees. The former gave a
dipole moment of 1.3l D, the latter, l1.32 D. On this
basla, he supnosed the acute model to be the more probable,

Debye cites some previous investigations which are of
historical interest. 1In 1916, W. Kossel (9) pictured the
component atoms of Hp0 as being hard spherical shells, thus
leading to the counclusion of a linear model for the mole-
cule, One year before he made nhls filrst formulation of
the new quantum mechanics (10), Heisenberg considered
Ho0 (11) by & method in which the repulsive forces were
introduced as power functions of the distance., In the
same year, F. Hund (12,13) carriled out a rather similar

treatment.
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2. The early gquantum mecnanical treatments

(a) ZE treatments. Before speciflc consideration of

the initlal VB calculations on HpO0, it 1s wise to descrilbe
briefly a somewhat general application of the method to
the molecule., In this way, the approximations which will
be described may be more easily related and interpreted,
The common structural formulae of Hp0 may be depleted

and labeled as follows:

H— 0—H 0 g¥ o=—u g—o~ gt ut o* gt (2,12)
H—H c! e
a b c d

Eguation (2.3) may thus be written:

q?o ¥ Ty = agedly + aob‘n‘b * aoc"n'c * aodﬂd -(2.13)
These arc the functions which are to be constructed. They
represent the most probable Important VB structures which
contribute to the ground state wave function,

The hydrogen ls AO's to be utllized in the VB molecu-
lar functions will be designated h! and h". The oxygen
functions will be designated 1s, f,, £1, Bo and 2px, the
x~-axls being perpendicular %o the molecular plane, In the

covalent structure fla, ﬁl and 52 will be the bonding AQ's.
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The general designations allow for consideration of hybrid-

ized orbital representations of the form
g!i = % 1y Xp R (2.14)

where the Xz,are oxygen AQ's, say 2s, 2pz and 2py.* The
functions g4 will not be distinguished between the various
VB structures, although such consideratlon would need to be
made 1n actual application. That is, different hybrids
would be involved in the different flg-functions (17).

The first step is to construct all AQ product func-
tions j\h which are related to the above.flg's. The elec~
tronic spins in the ls, ﬁo and 2px orbitals are paired.
Consider T, as the product of AQ's involving h', h", £y
and o, and 8 as the product of the remaining lone pairs.
The function g7 will be considered to be directed toward

h!, 4o toward h". Then,

A, = T,8
’Ihl, 29 39}4— lsf)slsp)é;z{oo{) 7¢0F)82PX°()92PX,3)10

"

"In a more rigorous formulation, 1t would be found that
this hybridization is equivalent to consldering the inter-
action between several molecular states derived from atom-
ic states differing in configuration but not in valence
(14,15)s In addition, there is the possibility of reso=-
nance involving excited state structures related to atomic
configurations which differ in valence, an example being
the contribution of (2s)2(2p)2 to the tetrahedral valence
state of carbon (16).”  ~
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—3
"

1 = nta) i 924, o 3nta)h
hta) g 0)24 a0 3n" )l
ut§) 14,26, 0) nnel
0t 8) 14, ) 24,00 307 p)
Tg = h'w)lﬁrx)aﬁzﬁ)3h"ﬂ)u
nt )14, )26 o) 3nor) b

_Bo3
= o
111 1] 1]

3
o
]

(2.15)
hto) 16, 8) 26,0 36,1
h'ﬁ)lﬂ!lo() 2%20‘) 3,52p)’4

=3
@ ~
N 1]

-3
Ne
u

n"er) g, 0)24,00) 36, Pt
n"p) Lg, o 24,00 34, o)

-3
5
"

= B7%)1616) 28000 3 p0

-3
=

The AP configuration functions corresponding to each
j\h are then written in the same manner as the MO formula-

tion given in equation (2.8), namely,
éh = ﬂAh . (2.16)

It 1s to be noted that the §1Js are not normalized, nor
are they necessarily orthogonal to each other,

The flg functions may now be written as in equation
(2.6)., The coefficlents boy must be chosen 50 as to corre-
spond to the various structures given in (2,12), that is,

echosen so that each Ilg is antisymmetric to interchange of
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spins assoclated wlth a stable bond, as well as having
arpropriate symmetry.

The function flg will involve &7 to @u, inclusive,
as there are no possible combinations of the remaining
functions which are antisymmetric to spin interchange of
the bonding electrons (the spins of ﬂl and h', as well as
of #o and h", must be opposite), On interchanging spins of
h' and gy, $, and §3 interchange, and @2 and éh inter-
change, On interchanging spins of _13._'_1 and ,62, 51 and @2,

and ® 3 and @u interchange. Therefores,

bal = "ba3 and ba2 8 b

»
al (2,17)
bal - "‘baz and ba3 = "‘baLL .
These reduce to
bal = "bae = "ba3 = bau- 3 (2.18)

and
Qg =278, -8, - @3 ¢ éh) JE (2,19)

Similar reasoning may be applied to the construction of the

remaining {L,'s. The structures L.+ and {L v do not

*TMhese relations are obtained by inspecting equations (2,15},

n X

"“The factor, bgq, equal to }"¥Hy, has been separated to sim-
plify the normalizing factor. Ny equals unity only if the
® funetions are assumed to be orthonormal.



-18-

belong to the symmetry group of HpO., Thelr sum and differ-
ence do, however, Only the former is totally symmetric,
capable of entering into resonance in the ground state,

The resulting functions may be thus listed:*

o)
)

2lng (&, - 8- &4 8))

2ly (&, + 85 - 85 - 8y

o

(2,20)
2Ly, (&, - 854 Bg- Bqp)

Q

5 5 b b

£
¥

= Nd@ll .

The only purely theoretical VB calculations which have
been carried out on Hp0 are those by Coolidge (18), pub-
lished in 1932, It should be emphasized that this was an
approximate theoretlical caleculation; that is, 1t adhered
to pure VB theory but utllized approximate AO's. All over-
lap integrals and multiple exchange terms were explicltly
included, and all energy terms which arocse from three-
center Iinteractlons were accounted for. he computations

were carried out for three values of the H~-0-H bond angle.

*he electron assignment in the Ny's as given in (2,15)
defines the first term of the AP corresponding to each
dpne If a new ¢ ' were chosen which differed from the
present choice, § p, by an odd number of electron permu-
tations, then &p' would equal minus $¢,. Therefore, the

slgns in equations (2.20) are naturally conditioned by
the initial cholce of Ay 's.
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Initially, the only functions considered were.ﬂ.a and.flb,

the final function being formulated as follows:
Iy = agafle + agpily % (2.21)

The results of the treatment are given in Table 1,

Table 1. Results of the VB calculation on Heoa’b

H-0-H Total Total Calculated
bond angle a4, 8op molecular atomic dissociatlon
energy energy energy

770 221 1.106 0.076 =-18,4,976 -18.3867  0.1109
90° O 1.082 0.083 -18,5133 -18.3867  0.1266
979 11! 1.07 0.087 -18.5150 -18.3867 0.1283

a. Adapted from results of Coolidge (18).

b, All values are given in atomic units.

They may be considered to be very successful indeed, inas-
mach as they predict a bond angle greater than 97 degrees,
11 minmutes. Insignificant mention of this was made by
Coolidge, since at that time the bond angle in Hp0 was not
known definitely. In 1933, Mecke and co-workers (19,20,21)

*The symbols used here ars not tiose of Coolidge.
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determined that the angle must lie between 102 and 111
degrees.

The observed dissociation energy for H,0 1s 9.49 elec-
tron volts (22, p. }481), or about 0.35 atomic units. In
order to secure Improvement of the calculated results,
Coolidge carried out an additional computation which in-
cluded structurse Ilc. This led to a definite increase in
the dissoclation energy. The resulting normaliied wave

function for the larger bond angle was found to be
T, = 0.7828 N, + 0.0073 1 + 0.3403 M1, (2.22)

and the calculated binding energy was 5.7 electron volts,
giving a depression of 2.2 electron volts by including
Ilc. The variation with respect to bond angle was little
effected by this resonance.

The other early VB treatments were of a much more
simplified and qualitative character. They were of great
value, however, in establishing the quantum theory of di-
rected valence. Pauling (23) first discussed the formation
of HpO0 in thils sense, indlcating that interaction between
the two hydrogen atoms would lead to an increase in the
bond angle. The latter effect wounld be enhanced because
of the resultant positive charge on the hydrogen atoms at-

tributed to the partial ionic character of the 0-H bonds (2l).
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Heath and Linnett (25) have pointed out that Pauling's
simple model is not able to account for the observed bond
angle in H50. Using Pauling's value for the bond moment of
the 0-H 1link in Hy0, and the observed force constant for
the H-0-H bond angle deformation, they are able to show
that electrostatic revulsion between the hydrogens would
open the bond angle to only about 100 degrees,

On the other hand, it should be noted that in addition
to this resultant coulombic repulsion, there is an exchange
repulslon between hydrogens which shoenld be accounted for
in the simple covalent VB model.

Slater (26,27) made some very simplified calculaticns
on Hp0 based upon semi-empirical VB theory. The assumption
is first made that the structure {1, is sufficient to de=-
scribe the molecule; that is, polar structures are not
explicitly included. Secondly, the energy of the structure
i3 determined under the assumptlon that all AO's are
strictly orthogonal, This certainly appears to be unjusti-
fiable inasrmuch as bonds are consldered to be formed be-
tween AQO's which overlap as much as 1s energetically
possible, However, the final formulation seems physically
plausible, especially if one uses empirical values for the
theoretical terms., For a bond angle of 90 degrees, Slater
obtained a dissociation energy of 9.3 volts for Hp0, For

a bond angle of 180 degrees, the result was 7.0 volts. It
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was shown that the 2p valences by themselves have a defli-
nitely directional effect, but upon this is superposed an
ordinary repulsion of the non-bonded atoms,

Van Vleck and Cross (28) obtained quite successful
results for Hp0 using semi-empirical VB theory. This treat-
ment was very simllar but more elegant than Slater's, Dif-
ferent and better empirical values were used for the neces~-
sary integrals. The energy equations were constructed
primarily for the purpose of determining vibrational fre-
quencies, They calculated a dissociation energy of‘

8.9 volts, but pointed out that any electron pairing
theory of valence will predict a value approximately

equal to twice the dissoclation energy of OH., The com=-
puted frequencies are in remarkable agreement with theory:
3520, 3560 and 1660 wave numbers as compared to the ob=-
served 3755.8, 3651.7 and 1595,0 wave numbers (29, p. 281),
In these calculations, the exchange repulsion between the
hydrogen atoms was taken 1Into account. This was accom-
plished by assuming that the resonance energy constitutes
0.88 of the total binding energy of a hydrogen molecule,
and that s Morse function can be used to give the variation
of this energy with distance. Thls calculation led to a
minimum energy for Ho0 at a bond angle of 100 degrees.,

The early gquantum mechanical treatments of 50, as

well as those of other molecules, were very successful in
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predicting the directional propertlies of bonds and thus
geometrical molecular configurations. In the seml-
empirical approach, the calculated results for dissocia-
tion energles seem astonishingly accurate in view of the
gquite radical approximations involved. This success is to
be expected, of course, as Van Vleck and Cross (28) have
noted. The simple VB energy formula 1s readily interpret-
able in terms of attractive bonding terms and repulsive
non-bonding terms (30, p. 376), Impirical application is
bound to give reasonable results, insofar as additivity of
bond energies (and "non-bond" energles) is valid. A purely
theoretical calculation based unon the simplified formula=-
tion probably would be much less encouraging.

The credit which 1s due to Coolidge's purely theoreti-
cal calculation is probably underestimated. With the in-
clusion of one ioniec structure, whlch certainly should be
included, the results are not too poor, They do, in fact,
emphaslze the need of introducing resonance. The simple
theories supposedly obtain much better results wlthout the
need of such interaction. This is undoubtedly due to a
hidden resonance included in the empirical constants de=-
rived from the OH molecule and utilized for HZO' If one
is concerned only with the simple energetics of the bond
formation, this 1is probably a valid procedure. On the other

hand, the principle bases of VB theory have been thus lost.
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A general formula for molecular energetics, whatever its
form, would indeed be interesting to have at one's dis-
posal, It 1ls doubitful whether such could exist without

a more firm attachment to theory. In the case at hand, a
semi-enpirical VB method wilithout expliclt inclusion of
résonance, seems to be contradictory.

A final point, and probably & very important onre,
should be made concerning the early VB calculations., 1In
none of the treatments was any possibility for hybridiza-
tion Included. Especilally for the water molecule, the
effect of allowing 2s-2p mixing, or else the identical
process of permitting resonance with an excited covalent
structure, might be expvected to be of considerable
significance,

The problems cited here might be thought of as the
ones which are of present day concern, NMore detailed
analysis of these problems will be glven later in this

chapter.

(b) MO treatments. The early application of the MO

ﬁethod was directed primarily towards building up a con=-
cepbual scheme or qualitative theoretical framework into
which empirlcal data, both chemlcal and spectroscopic,
could be fitted. To ald in this course, rough LCAQ approx-
imations were often introduced, more for the sake of im-

proving clarity, than of securing quantitative accuracy.
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This LCAQ formulation of an MO may be written as

follows:

ﬁi = %cip Xp s (2.23)

where the Xp’s are AQ's belonging to some or all of the
component atoms and the Cyp are the LCAQ coefficlents., To
a conslderable extent, the latter are determined by symme-
try and orthonormality conditions. Lennard-Jones (31)
first introduced the LCAQ scheme for diatomlic molecules.
Also, he utilized localized AQ's for the molecular inner
shells, a procedure generally followed in the subsequent
MO treatments.

The general formulation of the electronic ground state
conflguration of Hp0 was indicated in equation (2.11).
This may be further qualified in the simple LCAQC MO approx-

imation asvfollows:

(18)2(28)2(4,)2(4,)2(2p2)2 , (2.24)
where
gy = a2py + b(h' - n") (2.25)
and

g, = c2pz + d(h! + n") . (2.26)
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The z-axls bisects the H-O0-H bond angle and the x-axis 1s
perpendicular to the molecular plane. The relations be-
tween the coefficients of the ejquivalent ls hydrogen AQ's,
h! and h", are determined by symmetry.

F. Hund (32,33) was the first to show that such a
model as this would have its equilibrium bond angle at
90 degrees, This result is obtained, however, by an over-
simplified calculatlon (34).

Mulliken (35,36,37) utllized the simplified LCAO MO
formilation of HZO first of all to predict and assign loni-
zation potentials (I's)., The Inner shell orbitals were
supposed to have nearly the same 1's as the valence state
I's for the isolated oxygen atom. For example, the Z2s
localized MO would be estimated to have a "vertical" I¥
of about 32 electron volts and the 2px orbital about
1.7 electron volts (38)., Actually, the latter is shown
to be about 12.6 volts, the difference belng atiributed to
a8 transfer of negative charge from the hydrogens to the
oxygen, introducing extra electronic repulsion on the
latter. For a bond angle of 90 degrees, it was estimated
that ionization from ﬁz should require greater energy than
from éy (39). This supposition was based upon the fact

that g, involves H-H bonding, whereas g, is H-H antibonding.

#"Vertical" I's correspond to vertical lines drawn between
potentlal energy curves, They refer to non-adiabatic I's
in which the distances between nuclei remain unchanged
during the process (Francli-Condon maximum of probability),
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Mulliken predicted that these two MO's would be nearly de-
generate or possibly reversed from the above order for the
actual bond angle of 105 degrees (39,40).

Mulliken also established connections between relative
electronepativities of atoms, LCAQ coefficients, effective
charges on atoms in partially polar molecules and dipole
moments (41). On the basis of the greater electroaffinity
of the oxygen atom, he assumed that a/b>1 and ¢/d >1 in
equations (2,.25) and (2.26)., These inequalitlies were then
considered to account also for the divole moment of Hp0,
the effective charges on the atoms being estimated from the
latter as being roughly (H*O'M)ZO“O‘B. The molecular di-
pole was assumed to arise mainly on account of the polarity
of the bonding MO's,

The fundamental MO approach to the electronle struc-
ture of Hp0 was thus begun. Sound theoretlcal bases were
still very far from being established, thus making the
interpretations seem quite crude in nature, The latter,
however, must not be allowed to obscure the real sipnifi-
cance which the theory really possessed. A systematic
understanding of molecular electronic structure was being
developed, a step certalnly comparable to Bohr'!s explana-

tlon of the hydrogen atom.



28

3. Recent advances

(a) General. Many sipgnificant advances in the general
heory of molecular structure have taken place slnce

World War II, Imnediate attentlon was directed towards
establishing the minimum number of simple, fundamental
concepts so as to enable successful correlation of chemi-
cal experience,

Heath and Linnett (25) utilized the vibrational spec-
trum data of Darling and Dennison (42) to express the po=-
tential energy function of the Hy0 molecule in terms of the
distortions of the bond angle and lengths. They attempted
to account for the various forces operating in the H,0
molecule by study and interpretation of the various cross
and higher terms in this function, It was found that
changes 1n 2s-2p hybridization are able to explaln satis-
factorlly the signs of the cross-terms whereas repulsion
between the hydrogen atoms 1is not a major factor in these
respects. Furthermore, the coefficlents of the cubic and
quartic terms in the potential energy function appeared to
measure only the departure of the bond dependence from the
g8imple parabollc form., They closely resembled simllar
terms in the functlon for OH, and did not indicate any
measure of interaction between the two bonds, the bonds

and the angle, or between the aydrogen atons,
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In 1951, Linnett and Pos (43) carried out calculations
of the electron confipurations having maximum probability
for the atoms in the first short period, These were se=-
cured by first setting up the Slater determinant (ljl}) for
the atom given a definite assignment of one-electron atomic
spinorbitals. The AP was then squared and integrated over
all spin coordinates leaving a probability function depend=-
ent only upon the spacial coordinates, The values of the
latter which caused this probabillty to be a maximum were
then found by differentiation or computatlion., Also deter-
mined were configurations of peak probability, that is,
those which corresponded to a relative, but not an absolute
maximum,

For the oxygen atom with the electron configuration

(1sx) (1sf) (2sex) (288) (2pz%) (2pz p) (2px«K) (2pyw) , (2.27)

it was found that a configuration of peak probability
exlsted in which there 1s a palr of electrons on the nucle-
us and two close pairs and two sinple electrons away from
the nucleus arranged so that the total symmetry of the
whole 1s Cpy. The symmetrically arranged single electrons
are on one slde of the nucleus, their plane being perpen-
dicular to the plane of the palrs which are situated on

the opprosite side of the nucleus., The probable distances
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from the nuclel were 1.1 atomic units for the palrs and
0.99 atomlc units for the sinpgle electrons. The observed
0-H distance in H»0 1s 1.8103 atomic units (29, p. §89),
The angle hetween the single electrons was found to be
103 degrees; betwsen the pairs, 1333 degrees; and between
a pair and a single electron, 10h% degrees,

Heath and Pog stress that the nuclear configuration of
HZO may be expected to be related, to some extent, to this
electron configuration of the oxygen atom. Thus, the un-
palred electrons on the latter pass into the pairs in the
molecular bonds, and it is likely that the directions will
be close to the directions of the single electrons. This is
similar to Pauling's supposition (23,445) that a bond will
be formed in the direction in which the electron would most
probably be found to its greatest extent.

Similar computations for neon, the united atom of H50,
yield the expected angle between each of the four lone
pairs to be 1095 degrees. The H-0-H bond angle, actually
being 10l degrees, is thus seen to lie between that for
the united atom and the isolated oxygen atom. Heath and
Linnett stress that the usual approach of assuming that the
ideal bond angle is 90 degrees is illoglcal because it ig-
nores all other electrons except the outermost valency
electrons. Repulsion between the hydrogen atoms is com-

paratively unimportant (vide supra). This treatment, on
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the other hand, is maintained to be equivalent to consider-
ing 2s-2p hybridization with the further refinement of ex-
plicit inclusion of the Paull Principle.

It 1s somewhat difficult to secure a complete and sat-
isfactory understanding of the paper by Linnett and -
The treatment is unconventional when compared to the usual
approaches to molecular and atomic structure. There seen
to be some apparent difficulties. For example, the authors
consider only that configuration of the "ground state" of
the oxygen atom in which the bonding electrons have paral-
lel spins., Now, the pround state of the oxygen atom,
having four electrons outside of closed shells, is not
capable of expression in a single determinant. Secondly,
the oxygen atom prepared for molecule formation is usually
suprosed to be enerretically promoted to a valence state (38)
in which there is a statistical distribution of spins in
the bonding orbits., These factors possibly are not direct-
ly relevant to the present problem, but they certainly de-
serve some recognition and explanation., In this same
connection, the treatment of Linnett and Poé is unique in
that 1t makes no explicit recognition of the energy re-
quired and gained on molecule formation. Yet at the same
time, the authors maintaln that thelr method is equivalent
to a study of hybridization. A VB treatment of hybridiza-

tion generally requires either consideration of the
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promotion ener:y to the hybrid valence state, or the equiv-
alent study of the restricted resonance between various
pure atomiec valence states in zero hybridization (see foot-
note on page 15).

A critical survey of the method of lonie-homopolar
resonance was »ublished by C. A. Coulson (17) in 1951.
This review discussed some theoretical difflculties and
in addition cited some of the possible areas which merit
further research. Also, there is a short discussion of the
problem as applied to Hpy0. There are two surprising re-
sults which are discussed. First, the contributlon of the
electric moment of the two lone pair electrons to the di-
pole moment is calculated to be 3,19 D. This turns out to
account for the principal part of the electric dipole of
HpO. 1In the second place, lonlec resonance in the O-H bonds
is found to contribute the astonishingly small moment,
0.3l D. These figures are based upon very rough considera-
tions, of course, but certainly serve to stimulate further
study. l

At the Shelter Island Conference on wuantum Mechanical
Methods in Valence Theory, in September, 1951, M. Kotani (1)
reported on an investigation of the VB approximation as
applied to HpoO. The computations constitute a general
study of the resonance in the ground state involving many

possible non-ionic structures, or states. The approximations
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which were ineluded should first be enumerated: (i) over-
lap integrals between orbitals belonging to different atoms
were neglected; (11) seml-emvirical values for the coulomb
and exchange integrals were assumed; and (iii) direct
interaction between the two hydrogen atoms was neglected.
The results are important in that they roughly support the
contention that the eigenfuncticn of a ground state can
have rather large contributions from "excited" VB states.
The latter may be states differing in the ordinarily as-
sumed assignment of bonds as well as including the possi-
bility of having two electrons in a bonding orbital,

Mulliken and co-workers (Ij6) have discussed refine-
ments of the MO theory as apnlied to HoOs It is first
recognized that bonding, as well as 2s-2p hybridization
may occur in the orbital whlch was originally assumed to
be a localized lone nalr orbital of pure 28 oxygen char-
acter, In such an event, the bonding in dz will necessar-
1ly be weakened, but there wlll be an overall strengthening
of the total molecular binding. The reasons for fthese
facts may roughly be understood as being analogous to the
resonance phenomenon which is continually encountered in
VB theory. This reasoning thus seems to establish the

order of energy of the MO's as follows:

15)24,)24,)24,)%2px)2 , (2.28)
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where gy indicates a nonlocalized MO largely composed of
28 character.

Mention should be made of a discussion by A. D. Walsh
(1L7) to the effect that the order siven in equation (2.28)
1s incorrect. It was contended that because of 2s-2pz hy-
bridization, #z becomes essentially a non-bonding or lone-
pair orbital, There are three observed I's for Hp0O, of
which only the first and third are observed spectroscopl=-
cally as Rydbers Seriles (118,119,50). Walsh points out that
strongly bonding electrons, such as those in ﬁy, are not
likely to give a series of discrete transitions.

These contentions are also supported by the fact,

which was first pointed out by Mulliken (vide supra), that

dy is H-H antibonding and, therefore, should probably be
higher in energy than ﬁz. This difficulty may be partially
explained by two considerations. PFirst of all, it can be
shown that the enerpy of an MO increases with the number of
nodes which it has (51,52). The orbital ﬁy has a node de-
manded by symmetry which automatically makes it H-H{ anti-
bonding. On the other hand, ﬁz has a node demanded by
orthogonality conditions (with ﬁs) which nearly passes
directly through the oxygen nucleus., This latter node is
thus present in a region of highest electron density and
might be expected to impart a low I (high energy) to the MC.

he other fact 1s that although ﬁy is H-1 antibonding, and



35~

B, 1s H-H bonding, the former is expected to have relative-
1y greater 0~ bonding power. This 1s especlially true for
the observed bond ansle of 105 decrees. he latter is, of
course, the important factor, and would tend to give ﬁy the
lower energy (higher I).

In order to reconclle the faet that ionization from ﬁy
suprosedly gives a Rydberpg Series whereas ﬁz does not, an
analysis of the requirements for such a phenomenon should
be made. A Rydberg Series, 1t 1s true, generally arises in
the ilonization of lone-pair electrons. The reason for this
is that the ilonized state 1s usually a stable one of ap-
proximately the same geometrical configuration as the
ground state, Lone-palr electrons are not excected to be
missed very much by a molecule. Thus, the prime reguisite
for a discrete set of transitions seems to be just these
conditions., Now, one may consider the results to be exe
pected from an ilonization of a ﬁy or a g, electron. If one
electron from éy is ionized, there 1s a consequent loss of
0~H bonding and H-H antibonding. The latter effect will
tend to cause the H-0-H bond angle to become lessened, But
with the loss of one dy electron, 1t is quite possible that
the two gy electrons will be permitted to reorganize, that
is, to move into the O-H bonding regions from which they
were formerly excluded partlally because of electrostatilc

repulsion. With the lessened H-O-# bond angle, the £,
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electrons will be in a better position to give sipnificant
contribution to 0-H, as well as H-H bonding. The super-
posed repulsion of the hydrogen nuclei wilill be expected to
restrict the bond angle decrease to a minimum. It is thus
quite posaible that loss of a ﬁy electron would result in
a stable configuration differing little from that of the
ground state,

If a dz electron is ionized, the prorortion of H-H
antibonding to bonding is lncreased. There seem to be no
Important factors vresent here to restrain the bond angle
from conslderably increasing. This could concelvably lead
to an unstable lonized species, Consequently, a consider-
able number of discrete transitlons leading to the lonized
state, as 1is observed for the third I, would be unlikely.

It should finally be stressed that there is no real
reason for contending that g, 1s very lone-pair like. It
can be sald that hybridization will lead to a weakening of
the bonding in gy, This will result in more electron den-
sity on the back side of the oxygen than if hybridization
had been neglected., The orbibal will still be somewhat
bonding and will still be predominently non-localized.

J. A. Pople (53) carried out a unique treatment of Ho0
using as a basis the Lennard-Jones (54-57) method of equiv-
alent orbitals (EO's). This approximation is an MO treat-

ment. It depends upon the fact that an AP wave function
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remalns unchanged when subjected to a unitary transforma-
tion (1), There is such a transformation that will cause
any AP to be such that each of 1ts one-electron functions
is by itself an elgenfunction of a Fock (modifiled
Schrgdinger) equation, These are generally denoted as
MO's., Any other unitary transformation of this AP will
glve one-~electron functions which are not eigenfunctlions
and which are called L0's, For Hp0, such a sel might be
made to roughly correscond to two lone pairs and two bond-
ing EO's (neglecting ls electrons).

Pople's treatment began with the general LCAO formula-
tlon of the MO's, Inner-shell-outer-shell mlixing was neg-
lected, only the 2s and 2p oxygen and ls hydrogen AO's
being expllicitly considered. The lone-palr EQO's were then
secured by a unitary transformation of the MO's, a step
which does not involve any loss of rigor. Three explicit
approximations were then utilized in the formulation of
the bond [Q's: the orbitals were assumed to be locallzed;
the oxygen hybrids Iln the EQ's were assumed to be directed
along the line of nuclel of the bonds; and the condition of
orthogonality between bond EQ's was simplified. A recent
refinement of the method (58) has eliminated the last
aporoximation, With these assumptions, the ordinary condi-
tions of orthonormality of the EQ's determine all but one

of the LCAO coefflcients., By introducing the empirical
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value for the dipole moment, the EO's were determined. The
initial calculation (53) included an apvroximation for one
of the electric moment integrals, which was, however,
rigorously evaluated in the most recent work (58).

The most significant result of this treatment 1is the
fact that the lone-pair electrons are found to be chilefly
responsible for the divole moment of Hgo. This supports the
results of the simple VB considerations by Coulson (17).

(b) The Principle of Maximum Overlap and the maglc

formula., In 1931, Slater (26) and Pauling (23) proposed

as a rough measure of the strength of any covalent bond,
formed by two electrons on adjacent atoms, the Principle

of Maximum Overlap of the orbltals occupied by these elec-
trons. This principle has been of great importance in the
development of simvle quantum mechanical analyses of chemi-
cal structures. Pauling and Sherman (I}5) found it conven-
ient to call the magnitude of a bond orbital in 1ts angular
dependence the strength of the bond. Mulliken (59) and
‘Maccoll (60) have independently proposed the more satisfy-
ing criterion of maximizing the radlal and angular dependen-
cies simultaneously. Recently, Mulliken (61) has given a
more elegant quantitative form of this principle which he
calls the magic formula.

The Principle of Maximum Overlap has been applied to
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Ho0 in only a very restricted sense. It has been indlcated
that to the first apporoximation the hond angle will be

90 degrees in order to secure the best overlap between

1s hydrogen AQO's and pure 2p oxygen AQ's. The two main
factors that alter the situation, transfer of charge from
the hydrogens to the oxygen and 2s8-2p hybrldizatlion, have
been generally only qualltatively stated.

The maglie formula in its present form is to some
degree limited by the fact that the corrections needed for
resonance energy are still lacking. These are certainly
required for a complete application to H20.

It has, nevertheless, seemed apropos to apply these
two simople quantum chemlcal principles explicitly to HEO.
A study and comparison of the results should yield quali-
tative information regarding the electronic properties of
Hy0 as well as assist in evaluating the two methods.,

The VB electron configuration for the covalent struc-

ture of Hy0 may be written

15)%60)261.b1) fo.n")2px)2 (2.29)

The functions g, dl and ﬁz are understood to be hybridized
oxysen AO's (see page 15) based upon the second-order

valence state (62)
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0: ls)aﬁo)aﬁl)ﬁ2)2px)2, Vs (2.30)

The hybrids may be formulated in the LCAO approximation as

follows:
Y 2
ﬁo 2 «{l - 20112;“2pz + 2301123
1 -1 1
gy = 017122 + 2%2py + 273%(1 - 20112)“25 (2.31)

% -3 &
= °112PZ - 2%2py ¢+ 2 “(1 - 20112) 2s ,

N
1

The coordinates used here are the same as described on

page 26. Positive overlap is given by h! with 2pz and 2py.

The LCAQ hybridization coefficients have but one degree of
freedom, manifested in c¢q3, since all other parameters are
restralned by orthonormality and symmetry condltions.

It should be emphasized that consideration is belng
made here only of the covalent structure of H,0 correspond-
ing to the state [l of equation (2.12).

The maximization with respect to the parameter cq1 of
the overlap between h' and ﬁl i3 equivalent to that between

gﬁ and ﬁg by symmetry, and ls condlitioned by the equation

as(nht ,ﬁl)/dcll = S(h’,sz)

2 N (2.32)
‘2~011(1 - 20112) = 8(11',23) s Oo
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The orbital 2pz may be resolved into a combinatlon of 2p¢
and 2pmT AO's relative to the O-H bond according to the

equation:
2pz = 2pC sin w - 2pW cos w , (2.33)
where w 1s the ancle between O-H' and the y-axis., Since

S(ht,2pm) = 0, equatlion (2.32) can be solved to give

1

3 ok
¢qy ® 27 7(1 ¢+ F2 sinaw) “F sinw, (2.34)

where ' = S{h',2p0)/5(h',2s).
Incidentally, it is proven that the extremu: defined

by equation (2.32) is a maximum, since

a2s(n',#y)/deqq2 = ~21/2(1 - 20,2)"3/25(n1,28)< 0 (2.39)
-

ir 011< 2 =,

For convenience, the hyorlds given in equation (2.31)

are relabeled as follows:

=N
o]
f

0012pz + c022s

1
¢112pP2 + 2 =2py + 01228 (2.36)

=
| ]

1
cllzpz - 2 “2py + c..28 .

o
"

12
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The results determined from equation (2.3ly) for three
values of the H-0-H angle are given in Table 2. The cal-
culations were carried out utilizing orthogonalized Slater
orbltals (63) with the usual effective nuclear charges:

7(28) = Z(2p) = 1.55; and Z(h) = 1.

Table 2. Appllication of the FPrinciple of Maximum
Overlap to Hp0

H-0-H
D emmaey o1 %2 ;. ‘12 s(nt,gy) S(nt,4y)
90 -0.90 045 0.32 0.63 0,56 0.21
105 -0092 0039 0028 0065 00576 Oalg
120 -0.94 0.33 0.2 0.67 o.SBu 0.16

It 1s first of all interesting to note that if the
bond hybrids ﬁl and %2 were directed straight towards the
hydrogens to which they are bonded, the coefficlent cqy
would have the values 0.71, 0.5l and 0.41 for 90, 105 and
120 degrees, respectively. Therefore, the hybrids are bent
outwards beyond the O~ bonds. The required orthogonality
between gy and £o, combined with the fact that a large
degree of 2s character is required for good overlap, is

probably the cause of this result. In actuality, one
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might expect a situation whereby the bonds are bent in-
wards, so as to provide a higher concentration of charge
within the molecular triangle.

Upon cursory examination, the results also indicate
the surprising conclusion that a bond angle greater than
120 degrees seems to be favored. This conclusion 1is
reached by assuming that better bonding is attalned only
when overlap 1s increased. Uydrogen~hydrogen interaction,
which in this VB representation would be an exchange repul-
sion, has not yet been included.

It can be shown that the overlap between the hydrogen
ls AO!'s and the lone-pair hybrid ﬂo is equal to zero for
all angles., The maximization has, therefore, extracted all
possible overlap and concentrated it in the bonding hy-
brids. This treatment has, therefore, not taken proper
cognizance of Pauling's supposition (2, p. 87) that the
tendency to use best bond orbitals is resisted in the case
of atoms with an unshared palr, since the latter incline to
remain as more stable 28 AO's. This brings to light the
chief objection to the nresent application. The lone-pair
electrons have not been restrained in any way from being
highly promoted from their stable 2s state. The gain in
bonding energy by maximizing bond overlap, which apparently
is equivalent to minimizatlon of non-bonding overlap, would

undoubtedly be largely lost by the energetic promotion of
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the 2s electrons.

It might thus be concluded here that the Principle of
Maximum Overlap in its rudimentary form should be naine-
tained only as a most qualltative prineciple. It is to be
anticipated that hybridlzation leading to lncreased bond
overlap, and consequently, decreased non~bond overlap, 1is
always working in competition with the promotion senergy
required to achieve such a valence conditiocn., The usual
rough concept of chemical bond formation consists essen-
tially of two steps: (i) an excitation of the atoms to
hybridized valence states, a process which requires energy;
and (i1) the bringing together of the atoms, a process
which leads to a lowering of the energy. This lowering is
emphasized if the bond overlaps are increased (the Prin-
ciple of Maximum Overlap). However, increasing the over-
lap by hybridization requires energy. A happy medium might
be a maximization of the bond enersy as a function of bond
overlap minus the promotion energy required for the process
of hybridization.

For the covalent VB configuration of Hy0 as given in
equation (2.29}), the magic formula (61) for the dissocla-

tion energy Do takes the form:

Do = 2X(h',4q) - 2¥(h',4,) - ¥(n',F45) - 2¥(nt,1s)
‘ (2.37)
~¥(h',h") + 2K(h',2px) - P + RE .
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The first term on the risht hand side corresnonds to the
bond exchange energy and the next five terms to non-bonding
exchange interactions. The seventh term denotes the promo-
tion energy and Ri refers to resonance energye.

To determine the promotion energy P, the antisymme=
trized wave function for one spin-orbit configuration of
the second-order valence state V,! (62) of oxygen, defined
in terms of the hybrids of equation (2,31}, 1ls written in
determinantal form, There are four such determinantal wave
functions, 8 linear combination of which deflnes the va-
lence state Vg'. The individual functlons corresnond to
all possible assigmnments of spin to the two bonding or-
bltals ﬁl and ¢2. The four configuratlions will thus be
degenerate and non-interacting 1in this approximation, and
it is sufficient to consider P for only one spin-orbital
configuration determinant. The latter ls expanded accord-
ing to the rules for determinants into & linear combination

of AP's in first-order hybridization. It can be shown that

1
(Vo1) = 29, & (k2s2plt,v,)
(v, 11 2 (2.38)

L
+ (1 - 2097217 §(xPsp5,v,)

where k, s and p are the conventional abbreviations for

ls, 28 and 2p, respectlvely. Therefore,



16~

E(V,') = 204,° E(kzszpbr,vz)

+ (1 - 2¢97%) B0Psp5,v,) , (2.39)
and
P = B(V,'") - E(k2s%p,3p)
=Py + (1= 20,,2) AP, (2:40)
where
P, = E(k2s2pl,v,) - E(k2s2ph,3p) (2.441)
and
AP = B(1Psp%,V,) - E(kPs2plt,v,) . (2.42)

The actual computation of the varlous terms of equa-
tion (2.37) is accomplished using formulas given in
reference (61). These formulas involve two parameters
determined by fitting empirically the magic formula to the
molecules CH, 02, N2 and FZ' The X's and Y's are then
functions of the overlap integrals between the various
orbitals as well as of sultable mean value valence state
I's. The K is small and computed theoretically.

The first three terms of equation (2.37), as well as
the promotion energy P, are functions of the hybridization

parameter cqy. Therefore, the part of D, containing these
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terms, call it D', is maximized wlth respect to ¢y1 for the
H-0-H bond angles of 90, 105 and 120 degrees., The results
are glven in Table 3. It is seen that, for all practical
purposes, the best hybridization is independent of bond
angle in this region of angles. There is a slight tendency
toward a lesser value of Cqy 88 the bond angle increases,
This corresponds to a greater 2s-2pz promotion in the lone-
pair hybrid g,, which results in relatively higher 2py/2pz
character 1n the bonding orbitals., The latter is, of
course, to be favored as the bond angle 1lncreases,

For comparison with Table 2, the overlap integrals
derived from the magic formula are listed in Table li. The
hybridization coefficients used are those from the 105 de=

gree computation, namely,

coy = -0.1.10 cqq = 0.645 (2.13)
cgo = 0.912 ¢o = 0.290 .
It 1s interesting, at this point, to compare the results
with those from the maximum overlap treatment.

It 1s seen that the degree of 2s promotion in g, is
much less than for the maximum overlap treatment. The
coefficient ¢q7 is such that gy and g, are directly aligned
towards h' and gﬂ, respectively, for a bond angle of about

95 degrees (see page Li2). For bond angles greater than
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Table 3., Maximization of D' with respect to
hybridization (a.u.)

Terms of H-0-H 611
eq. (2.37) bond angle
{degrees) 0.60 0.6l 0.645 0.65 0.7071
90 0.44993 o0.4816 0.4787 0.4757 0.3832
2X(n',#7) 105 0.4998 o0.54812 0.4782 0.4751 0.3808
120 0.4,769 0.4738 0.4704
90 0.0871 0.1222 0.1275 0.1329 0.25;2
2y(n',4;) 105 0.0983 0.1329 0,1379 0.1432 0,252
120 0.1452 0.1499 0.1550
90 0.0131 0.0091 0,0085 0,0080 0
Y(h',go) 105 0.0071 0.0041 0.0037 0.0033 0
120 0.0011 0.0009 0,0007
(1 - 2cq12)aP 0.1697 0.1096 0.1018 0.0940 0
90 0.2294 0.2407 0.2408 0,2409 0,1290
D! 105 0.2245 0.2346 0.2347 0.2346 0.1255
120 0.2209 0.2211 0.2207
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this, the hybrids are bent lnwardly as one might expect,
From the magnitudes of the overlap integrals, as wecll

as of the corresponding enercsy terms in Table 3, it 1s seen

that there must be conziderable repulsion between the hydro-

gen valence shells and the inner g, lone pailr, T:als point

Table li. Overlap integrals for Hy0 from
the magic formula

b?géZ§ggg? S(ht,4,) S(h',ﬁl) S(h',de)
90 0.3503 0.11759 0.1280

100 0.3595 041760 0,0991
105 0.3643  0.4751  0.0848
110 0.3693 0.4735  0.0705
120 0.3798  0.4686  0.0L.25

is relevant to the inner-shell-outer-shell repulsion en-
countered in molecule formstion which iIs discussed exten-
sively by Pitzer (6l). The maximum overlap treatment gave
S(ht,4,) equal to zero. The repulsion between a hydrogen
valence shell and the oxygen hybrld of the other bond,
given by ¥(h',£5), 1s seen to be quite negligible except

for smaller bond angles,
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In Table 5 are listed the resulting D, values obtained
be adding in the fourth to seventh terms of equation {(2.37)
to D', It 13 seen that there is a definite maximum in the

dissoclation energy (minimum molecular enerpgy) at a bond

Table 5. Computed D, values from the magic formula

bogaogggle Dt -y(n',n") 78 Do Do
(degrees) (a,u.) {a,u.) (a.u.) (a.u.) (e.ve)

90 0.2,09 -0.0400 0.0311° 0.2320 6.31

100 0.2376 -0.0318 0.2369 6.45

105 0.2347 =~0.0285 0.2373 6.146

110 0.2308 -0.0256 0.2363 &.43

120 0,2211 -0.0211 0.2311 6.28

a., Z = "Y(ht’IS) + 2:{(}'1',53) - Po
z ~0,0015 + 2(0.0286) - 0.02I16 (a.u.).

b. Values are the same for all bond angles.

angle slightly less than 105 degrees. Mulliken obtalns an
average difference per electron pair bond between observed
and computed D, values of about 10.3 electron volts.

The RE e¢orrsction for HZO 1s expected to be consider-
able., No simple methods are presently capable of treating

this problem. The position of the enerzy minimums for the
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structures flc and.fld_of equation (2.13) would certainly
be nearly or actually equal to 180 degrees. Depending, of
course, upon the interaction at the varlous angles, one
would expect such resonance to lead to a greater equilib-

rium angle for the resonating hybrid,

C., SCF MO Treatments of Other Molecules

l. Introduction

All of the treatments of H,0 which have been revicwed
thus far have been carried out according to what Mulliken
(65) has termed gualitative and semi-empirical methods,
Roothaan's LCAC SCF MO theory (1), on the other hand, 1is
referred to as an approximate theoretlcal method, that 1is,
one which 1s purely theoretical, but uses approximate MO
eigenfunctions of the LCAQ type. Rather than here describe
the method in detall, it is adequate to refer elther to
Mulligan's brief review of the subject (66) or to the
original works (1,6,67). |

2. Applications

The early approximate theorstical molecular treat-
ments were necessarily and naturally confined to simple

systems. For example, C. A. Coulson (68,69) carried out
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extensive studies of HZ and HZ*, comparing the LCAQ treat-
ments with more sophisticated methods as well as studying
the effect of varying the screening constants (effective
nuclear charges) contained in the AQ's., Also, Coulson and
Duncanson (70) studled the LCAQ approximation as applied to
HeH' and HeH**, apgain making comparisons of the results
with more exact variational procedures, as well as with an
exact treatment for the latter molecule., In 1943, these
same researchers (71) carrled out LCAO MO treatments of Li,
in several approximations., Thils work is especially valu-
able for its discussion on screening constants and the
effect of neglecting MO orthogonality.

Utilizing the Huckel T~electron approximation (72)
for aromatic molecules, Goeppert-Mayer and Sklar (73)
carrlied out the six-electron non-emvirical treatment of
the exclted states of benzene. This calculation essen-
tially uses LCAQO SCF wave functlons, and was responsible
for much of the theoretical progress which has been made
wlth respect to the unsaturated hydrocarbons. Inasmuch as
numerical serrors were present in this work, and three-
center integrals were neglected, the treatment (without CI)
has undergone final correction by Roothaan and Parr (7).
The benzene problem has also been investigated with respect
to variation of the effective nuclear charge of the carbon

2pm A0 (75). Crawford and Parr (76) utilized the method
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in calculating the ring twisting constants for benzene,

The T-electron approximation in its SCF MO form has been
applied also to butadiene by Parr and Mulliken (77), to
ethylene by Crawford and Parr (78), to allene by Parr and
Taylor (79), and to acetylene by Ross (80). For ethylene
and allene, vibrational frequencles were also computed, and
for acetylene, the validlity of the Huckel approximation

was examined,

In recent years, the trend has been to investigate
the success of the SCF MO method as applied to heteromole-
cules., Mulligan carried out a complete 22-electron treat-
ment of GO, (66). Although approximations for many of the
integrals were necessary, and no inner-shell-outer-shell
mixing Qas allowed, the work may be rcgarded as quite
successful.

I. Fischer (81) has carried out a very complete
LCAO MO treatment of LiH. The results are compared with
various VB approximations, as well as simplified verslons
of the MO method. Other recent SCF treatments which de-
serve mention are those by Fischer on aniline (82), by
Duncan on SFy (83) and by Berthler on fulvene (84). These
latter three cases utilize the Goeppert-Mayer and Sklar (73)
effective core hamiltonian method for the potential due to

inner non-valence electrons,
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A. Application
l. General

The initlal aim of the present calculation was to
determine the best LCa0 MO's for the ten electrons of the
ground state of Hp0, The general method followed was that
developed by Roothaan (1), All of the electrons were as-
signed to MO's extending throughout the molecule. In addle-
tion to this complete treatment, a second calculation was
periormed which contained the conventional approximation of
replacing the innermost moleccular shell by an oxygen 1ls
Slater orbital, and which considered no ls-mlxing in the

onter shells,

(a) The selection of AO's. In these calculations, the

following Slater functions (63) were utlilized:
for the oxygen atom,
ls =0 = p13/2n'l/2 exp(ﬁplro)
2s!' = s' = y25/2(3w)'1/2 Te exp(ﬁparo) (3.1)

2pz =z = P25/2ﬂ-1/2 ro cos 8, exp(-p,ry)
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2px = x = P25/2n-l/2 ro sin 0, cos;éO exp(fpzro)

(3.1)
2py =y = u25/2ﬂr1/2 ro sin 8 4 sing, exp(ﬁpzro) ;
and, for the hydrogen atoms,
ls,, = h' = P3/2ﬂ’1/2 oxp(-p ry,)
(3.2)

15};1" = " o= }13/211,-1/2 exp(-}z rh") .

In general, Pp is egual to Zp/np, where Zp is referred to
as the effective nuclear charge, and np, 1s the principle
quantum number of the AQ.

The attainment of best possible LCAQ MO's depends
upon the selection of the AO's. In the past, Slater-type
AQ's with the ordinary Slater Z's (63) have been most com-
monly used, Also, best %-values for the free atoms are
often utilized., It is to be expected, and there is evi-
dence to this effect (6,68,81,85), that better results
might be secured by independent variation of the “Z's, even
among identical AO's in different MO's. Such a procedure
would, of course, entail very much additional work. There-
fore, in this research, the following Slater p-values were

useds

‘&
L
ped

p2 = 2.275



These are in reasonable agreement with the values which
glve the best analytical approximations of the Hartree-Fock

atomic orbitals (86), namely,

po=1
}11 = 7.68 (30”—)
By ® 2022,

All of the oxygen &gfs given in (3.1) are mutually
orthogonal with the exception of 1ls and 2s!'. UNeglect of
such orthogonality can cause serilous errors in the simple
Hartree method which does not utilize an AP wave function
(34,68), No such error would occur in the present work,
although the results would be chanced somewhat. For cone
sistency in formulation, it is convenient to preserve or-
thogonality between AQ's on the same atom. Orthogonal
2s AO's were constructed from the original nodeless 2s!

and 1s oxygen AO's (L6):

1
2s = 8 = (1 -Q2)7% (25t - (1s) , (3.5)

where & is the overlap integral between the ls and 23! AQ's,

{b) Coordinates and internuclear distances. The co=-

ordinate systems used in these calculations are diagramed
in Figure 1. The x-axis (not shown), 1s perpendicular to

the plane of the molecule., The arrows indicate the



Figure 1. Coordinates used for the Ho0
calculations
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positive direction of the axes,
The transformations relating these coordinate systems

may be written as follows:

z = z'gsinw ~ yl'cos w = z"sin w + y'cos w
v = z'cos W + y'sin w = ~z"cos w + y"sin w
y' = ysinw - 2z cos w= -z2"sin 2w - y"cos 2w
" ' (3.6)
z! = ycos w+ 2 sinw = -z"cos 2w + y"sin 2w
y" =2 ysinw+ 2z cos w2 -y'cos 2w ¢ z'sin 2w
z" 2 wy cos W + 2z sin w ¥ ~y'sin 2w - z'cos 2w

It is to be noted that the 2p oxygen AO's based upon the
various coordinate systems transform according to these
equations (I46). The 2p AC's oriented in the various direc-
tions will often be designated according to these axes in

a manner illustrated as follows:

2pz = 2
2py! = y! (3.7)

2pz" = z"

In these calculations, the experimentally observed
0-H distance, 0.9581 angstroms (42) or 1.8103 atomic units,
was used throughout. The SCF calculations were carried out
for six different values of the H~0-H bond angle: 90, 100,
105, 110, 120 and 180 degrees.
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(¢) The formation of SO's. In order to obtain proper

symmetry for the MO's, it is usually convenient to intro-

duce symmetry orbitals (50's) (1). These are linear com-

binations of AQ's taken so as to belong to irreducible

representations of the symmetry group of the molecule,

The 1,0 molecule belongs to the symmetry group Cpy (87).
The constructlon of the £0's from the AO's may be ex-

pressed in matrix form as follows:

F a . _—
6q! 2% 0 0 0 27 0 o |nt

65 0 1 0 0 0 0 0o

oy 0 0 1 0 0 0 0f/s

o | = |0 1 0 0 1 0 1 0 0f |z (3.8)
oy 220 0 0-2"20 0| |n"

6, O 0 0 0 0 1 0}y

F%_J \o 00 0 0 0 1’ \x |

The first four SO's have A, symmetry, cg and cé have B2

and c% has Bl symmetry. It is to be noted that the S0's

involving the equivalent hydrogen AQ's are not normalized.

The corresponding normalized {Q's are

b1 L 2L
oy = 279, (1" + b") = 27%[1 + S(h',n")] "¥(nt + h")( )
- 3.9

-1 -1
2°%[1 - s(ht,n™)] "E(n' - ") ,

u

1
il ' . "
crs = 2 NS(h n")



where S(h',h") denotes the overlap integral between the

two hydrogen AQ's.

(d) The formation of the MO's. By taklng linear com=-

binations of $0's possessing the same symmetry, a like
number of }O's having that symmetry are formed. The latter

are given in matrix form as follows:

(ﬁ(lal) (Gll 012 013 Clu 0 0 0 \6-1
#(287) °21 ®22 %23 ¢z, O O O o,

£(3a,) ¢y ©3p C33 Oy O 0 0 |loy
»;5(148.1) = o1 2 O3 O ) 0 0 °—1+ (3.10)
%(11:»2) 0 0 0 0 gy Cgp 0 o,
¢(2b2) 0 0 0 0 65 6 0 %%,

\gf(lbl)) 0 0 0 0 0 0 077; [77 .

The MO's are denoted by the symbol of the irreducible rep-
resentation to which they belong, preceded by a running
number distinguishing orbitals of identical symmetry.

The coefflclents In the }MO's which are occupied (by
two electrons) in the ground state AP will be designated
by the general symbol Cipe For Hy0, these occupled MO's
are g(la,), g(2aq), é(Bal), ﬁ(lbz) and ﬂ(lbl). The SCF
procedure also ylelds the coefficlients and eigenvalues for

the unoccupied orbitals ﬁ(ual) and é(ebe). These will not
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be of immediate concern in these calculations, but wlll be
pertinent to later discussion concerning excited states,

The problem will be the determination of the coeffi-
“clents Cips These could be referred to as linear-
combination-of-symmetry-orbitals (LCSO) coefficlents.
Inasmuch as they are related directly to the AQ!'s by (3.8),
they will be called by the more common name, LCAO

coeffliclents,

2. Determination of the best LCAQ MO's
e e oo s T e I

The ground state electronic energy of Hpo0 in the MO
approximation (without CI) 1s given by equation (2.l), in
waich I'p is replaced by &, (see page 9). In the LCAO
approximation, §c)is the AP of those }M0's pgiven in equa-
tions (3.10) which are considered to be fillud in the low-
est energy electronic configuration,

To determine the SCF orbitals, it 1s necessary to

solve the equations

F Oi - € bS) Gi - (3011)

An equation of this type becomes ildentical with an ordinary
eigenvalue problem of a hermitian matrix if $ is replaced
by the unit matrix. The detailed development of this equa-
tion 1s given by Roothaan (1). A brief derivation is out-

lined in Mulligan's paper on CO5 (66). In eguation (3.11),
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F may be regarded as the total electronic energy matrix,
and 1s equal to the sum of the bare nuclear field energy
matrix I and the total electronic interaction matrix G.
The ¢i are column vectors, the elements of which are the
¢ip given in (3.10).

All of the calculations were carried out using the
non-normalized SO's as given in equatlons (3.8). There-
fore, all of the equations and tables will be given in
terms of these orbitals with the exception of the final
SCF MO results (e.g. Table 16),

(a) The S-matrix, The eclements of the S-matrix are

very simply given iIn terms of overlap integrals involving

S0's; that is,

Spq = |G ogt av B, (3.12)
where p and q denote the row and column, respectively.

These are computed from the appropriate overlap integrals
over AO's (see Tables 9 and 10). The final values for the

various bond angles are given in Table 6.

(b) The H-matrix. This matrix includes the kinetic

energy of the electrons and their potentlal energy in the

field of the three nuclei. The elements are given by

Hpg = |G HP ogf avh, (3.13)



Table 6. Non-zero elements (Spq) of the S-matrices

H-0-H bond angle (degrees)

paq 90 100 105 110 120 180
11 1440 1.3958 1.37h6 1.3553 1.3223 1.24,06
12 0.08628

13 0.699,8

1h 0.3479 0.3163 0.2995 0,2822 0.2460 0
22 1.00002

33 1.00008

Lol 1.00008

55 0.5560 0.6042 0.625 0.6447 0.6777 0.759%
56 0.3479 0.3769 0.3903 0.4030 0.4261 0.4920
6 6 1.00008

77 1.00008

a. Values are the same for all bond angles,
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where

HR = -3AR - (1/rh'B) - (1/rh"R) - (8/rop) . (3.1h)

The numerical values for the H-matrix elements are given in
Table 7., These have been computed from the appropriate
kinetic energy integrals over AO's (see Tables 8, 9, 10)
and bare nuclear field repulslon integrals over S0's

(see Table 15).

(¢} The G-matrix. The terms of this matrix present

the most difficulty. They represent the interactlon of an
electron in the MO 4y with all of the other electrons of
the molecule, IEach element is a rather complicated func-
tion of all of the LCAO coefficlents eip, which are ini-
tially unknown, Therefore, once given a set of assumed
¢ip's, it is convenient to have a fast method for computa-
tion of the Gpq's. Mulligan (6) has devised such a proce-
dure, which will be followed here,

The elements may be written in general as

follows (1,66):
Gpg = &£ Z Z oip Gprgs Cig » (3.15)
1 r s
where
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Table 7. Elements (Hpq) of the Hematrices (a.u.)
H-0-1 bond angle (degrees)

P a 90 100 105 110 120 180
11 ~7.4982 -7.2235 -7.1025 «6.9927 -6.803) -6.3572
12 -2,7533 -2,7528 -2,7527 -2.7526 -2.7523 -2,7516
13 -5.1431 -5.1303 -5.1233 -5.1162 -5.1063 -5,072L
1l -2.1.395 -2.2147 -2.0957 -1.9755 -1.7242 0
23  -0,3165%
2 ) -0.0233 -0,0212 -0,0201 -0.0189 -0.0165 0
33 -8.11208
3h -0.2579 -0.23415 -0.2221 -0.2092 -0.1824 0
Lol -7.64li3 =7.6229 -7,6123 -7.6021 -7.5825 -7.5207
55 -2.11398 -2.6606 -2,7586 -2.81,80 -3.0030 -3,3668
56 -2.2500 -2.443l -2.53L46 -2.6187 -2.7736 -3.2258
6 6 -7.6443 -7.6658 -7.6763 -7.6866 =7.7061 -7.7679
T7 -7.5207%

a.

Values are the same

for all bond angles.
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and

Jprgs = (pq:rs) = S&bp Op (1/r PV) ogP ogﬂ av pY
(3.17)
The summation over 1 is taken over all MO's of the closed-
shell ground state, The summations over r and s are deter=~
mined by the non-zero coefficlents contained in the various
LCAO MO's.
When equation (3.,15) is expanded in general terms, the
result can be written

1
G‘pq = ZLL dn qu(n) . (3018)

n=l

The an(n)'s are linear combinations of integrals of the

type (3.17). These sums may be wrltten in general as

follows:

Dpg (1) = 2(pg:11) - (pl;ql)

Dpq (@) = 2(pq:22) - (p2:q2)

Dpq(3) = 2(pa:33) - (p3:93)

Dpg‘l) = 2(pashlh) - (ph:aly)

Dpq(5) = L(pa:12) - (pl:g2) - (p2:ql) (3.19)
qu(é) = L(pa:13) - (pl:g3) - (p3:ql)

Dpa{7) = hlpa:ly) - (pl:al) - (pl:ql)

Dpq(8) = L(pa:23) - (p2:43) - (p3:92)

Dpa(?) = h(pq:ah) = (p2:qly) - (p):q2)
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Dpq (10} = L(pa:y3)

(ph:q3) - (p3:al)

qu(ll) s 2(pq:55) ~ (p5:95)

D,y (12) = 2(pas66) - (p6:a6) (3.19)
Dpq(13) = L(pa:36) - (p5:q6) - (p6:45)

Dpq (W) = 2(pa:77) = (p7:a7)

The dpn's are functions of the ground state LCAQO coeffi-

clents ecip, and have the following forms:

2 +* 021

2 4

dl = c11 2 +

0102 + cpp? +
c132 + 0232 + 3332
G, = clua + °au2 bog
©11%12 * ©21%22 t ©31%32
dg = €31%13 * %21%23 * ©31°33
7 ® °1),°%11 + ©g),Cp + €q),033
d8 = €12%13 4+ 322023 + 032c33
clgclh + 02202h 4 03203u
°13°1 * °23%2 * °33°3)
11 * 557

12 = Cge?
413 * °55°56
0772 = 1 ,

2
1
"
4

[o N
5
n

(3.20)

2
tt i " "

E?

The qu's corresponding to sach matrix element as a
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function of bond angle were computed from the electronic
repulsion integrals over $0's (see Table 1ll}). These re-
mained the same throughout the complete SCF calculation.
For a glven set of cip's, the 4,'s were then computed and

the summation (3.18) was carried out.

(d) The SCF procedure, The solution of equations (3.11)

reduces to the determination of the roots Ei of the

determinant

11
o

-

=
jta

£
(3.21)
£

\
|

or 5+ g -

{2

"

o
.

Since the matrix elements are evaluated in terms of
symmetry orbitals, it can be shown (1) that the determi-
nant (3.21) is considerably simplified, For the HpO prob-
lem, (3.21) was reduced to one four-by-four, one two-by=-two
and one one-by-one determinants.

A reasonable set of coefflicients ¢y, were chosen, G
and hence F were calculated, and the flve lowest roots of
(3.21) were determined by the method of James and
Ccolidge (3). This method also yilelds the corresponding
coefficlents ey,, which are solutions of (3.11), The lat~ .
ter were compared with the assumed values, and generally
found to be different. he process was then repeated until

self-consistency was attained.
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It was found that the fastest procedure is to utllize
the computed cyn's as the assumed coefflclents for the
succeeding SCF trial. The solutions of (3.21) are auto-
matlically orthogonal and are normalized, The divergencles
arising from not using strictly orthonormal trial functions
are probably relatively large., The mechanical construction
of an orthonormal set is a tedious process, Therefore,
considerable time was saved by continuously feeding the

resulting coefficlents back into the secular equations,

B. Evaluation of Integrals
1. General

The AO's utilized in the evaluation of all integrals
are those defined in equations (3.1) and (3.2). Results
are tabulated for integrals involving both nodeless and
orthogonalized 28 AQ's. All values are given 1ln the
Hartree atomlc units (defined in footnote on page l},
except, of course, overlap integrals, which are dimension-
less. The various types of integrals involving AQ's are

designated in the tables by the following symbols:

overlap integrals,

S(Xps Xq) = [XPxgh avh ; (3.22)



kinetic energy integrals,

= - .

(XTXg) = [XP (-3AR) X avP 5 (3.23)
nuclear-field attraction integrals,

(A: X, Xg) = SXPP (1/r PR X P avk 3 (3.2

and electronic repulsion integrals,

. = B Y vy v 4
(XpXqt Xp Xg) = [XPXE (/e m) XYy awpay)
The integrals are classified as one-, two-and three~center
Integrals depending upon the number of functional origilns
involved. Examples of each are, respectively, (hTh),

(O:oh) and (hth":hts).

2. Cne- and two-center integrals involving AQO's

The values for all one-center integrals are listed in
Table 8, In Table 9, the results are tabulated for all
two-center integrals involving only the two 1ls hydrogen
AQ's, The values for these Integrals depend, of course,
upon the H-0-H bond angle., In Table 10 are given all two=-
center integrals which involve oxygen AO's. These are
evaluated using the conventlion that the positive z'-axis
passes through the primed hydrogen (see Figure 1, page 57).

All of the one- and two-center integrals either were



Table 8. One-center integrals over AQ's

Integral Yi%g?) Ref. Integral ¥§%E?) Ref.
S{os?) 0.23345 a,b,e (oo:ss)  1.1334 b
(h'Tht) 0,5000 a (oo:z2) 1.1297 b
(oTo) 29,6150 a,b (og:08) 0.0703 a,b
(oTs) -3,0885 a {os:ss) =0,0181 a
(aTs) 3.0869 b (osszz) =0,0097 a
(z72) 2.5878 b (oz:0z) 0.0265 b
(H':htht) 1.0000 a (oz:sz) 0.0349 a
(0:00) 7.7000 a,b (ss:ss) 0.8039 b
(C:0s) -1.0505 a (vses2z)  0.8137 b
(Oss3) 1.2636 b (sz:sz) 0,1750 b
(0:22) 1.1375 b (zz:2z) 0.8905 b
(h'h':hth') 0.6250 a (zz:yy)  0.7945 b
(c0:00) .8125 a,b (zy:zy)  0.0480 b
(0o:0s) -0.141198 a

a., Calculated using an
€., €. J. Roothaan (

b, Values obtained from tables given by J. F. Mulligan (66).

alytical expressions given by
88) .

¢, Value checked with R. S. Mulliken et al. (L6).



Table 9. Two-center integrals over AQ's involving only hydrogen AO's (a.u.)
H-0-H bond angle (degrees)

fategral 90 100 105 110 120 180 Rot
S(h'n") 0.14103  0.39576 0.374h59 0.35531 0.32234 0.2406} a,b
(h'Th') 0.05315 0.03777 0.0317h 0.02661 0.01867 0.00336 a
(Hteh"n") 0.3823 0.3553 0.3438 0.3336 0.3165 0.2753 a
(H':h'h") 0.2752 0.2357 0.2190 0.2043 0.1798 0.1237 a
(h'h':h"h") 0.3621 0.3407 0.3313 0.3228 0.3082 0.2715 a
(h'h":h'h") 0.099L7 0;0770 0.06849 0.06104 0.04h938 0.02621 c
(hth':h'h") 0.2169 0.1880 0.1757 0.1643 0.1461 0.1025 d,e

Calculated using analytical expressions given by C. C. J. Roothaan (88).

Values checked with R. S. Mulliken et al. (L46).

Interpolated from tables of J. 0. Hirschfelder and J. ¥W. Linnett (89).

Calculated from independently derived expressions.

Checked with tables of J. 0. Hirscnhnfelder and J. W. Linnett (89).

...aj‘-
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Table 10, Two~-center integrals over AQ's
involving oxygen AQ's

Integral YZ%E?) Ref, Integral Yi%ﬁ?) Ref,
S(h'o) 0.06098 a,b (itisz') 0,182} d
S{hts') 0.5088 a,db,c (H':z'z'} 0.6279 a,c
S(n's) 0,19116 d (Ar:y'yt) 0,503 a,c
S{ntzt) 0.3479 a,b,ec (0:htnt) 0.5108 a,c
(n'To) 0.0045 a (H':0n') 0,0350 a
(htrst) 0.1315 a (H':stht') 0.,3859 a,c
(n17g) 0.1342 d (H':sht) 0,3885 d
(h'Tz') 0.2375 a (Ht:z'')  0,h1ly a,c
(H':00) 0.552l a (O:ont) 0.2353 a
(Ht:oat) 0.1289 a (O:stht) 0.41365 a,c
(Ht:08) ~0,0005 d (O:sh') 0.392 d
(H':02z!) 0.0165 a (C:z'h') 0.2501 a,c
(H':s's') 0.5,455 a,c {(h'th':00) 0.5099 a
(H':s8) 0.5151 a (h'ht:os') 0.1184 a
(Fitestgt) 0.1812 a,c (hth':os) ~0.00069 d

a, Calculated using analytical expressions given by
€. C. J. Roothaan (88?.

b, Value checked with R. S. Mulliken et al. (L6).

c., Compared with values obtained from M. Xobtanl 33 3}.

(90}.

de Derived from appropriate integrals involving nodeless
2s AQO's.



Table 10. (Continued)
Integral Value Ref. Integral Value Ref,
(aou.) (a.u.)
(h'ht:ozt) 0.0112 =a (htst:hts') 0,1748 g
(htht:sts') 0.14806 a,c (hts:hts) 0.1725 4d
(h'h':ss) 0.4L.792 4 (h'st:htz') 0,1349 g
(h'ht:stz')  0.1075 a,c (htssh'z')  0.1339 4
(htht:sz?) 0.1078 4 (htzt:htzt') 0,1331 g
(h'h':z'z') 0.,5103 a,c (ptyrehtyr) 0,02845 ¢
(htht:y'y')  0.14658 a,c (htnt:h'o) 0.0318 n
(h'oshto) 0.00903 e (ath':htst) 0.286L c,h
(htosh's!') 0.0275 f (hth':hts) 0.2789 d
(h'o:h's) 0.0261 4 (h'h':h'z') 0.2599 c,h
(htoth'z') 0.0202 ¢ (h'o:o00) 0.1917 h

a, Calculated using analytical expressions given by

C. C. J. Roothaan (88).

¢c. Compared with values obtalned from M. Kotanl et al.

(90).

d. Derived from appropriate lntegrals involving nodeless

2s AQ's.

e. Calculated accuratei" to five decimal »laces by the

method of Rudenberg to1),

f« Approximated; see pages 98-100,

g. Interpolated (Lagrangian) from tables of M. Kotani

ot al.

(90).

h. Calculated from independently derived expressions.



~75a-

Table 10, (Continued)

Integral Value Ref., Integral Value Ref,
(a.u.) (a.u.)
(hto:os!') 0,0333 h (n'st:z'z') 0.3578 ec,i
(hto:o08) -0.011; 4 (hts:z'z?) 0.3525 4
(nto:oz?') 0,0013 1 (h'st':st's') 0,3530 ec,h
(htosstsr) 0.0649 n (hts:ss) 0.3425 4
(nto:ss) 0.0632 4 (hts':s'z') 0,04613 c,i
(hto:stz!) 0.0025 i (h's:sz) 0.0466 4
(hto:sz?') 0.0022 4 (htst:y'y') 0.3454 c,i
(hto:z'z')  0,0643 1 (hts:y'y!)  0.3400 4
(hto:y'y") 0.0635 1 (h'z':00) 0.2198 n
(h'st:00) 041341 n (h'zt:0s') 0.,0578 h
(hts:o0) 0.1005 4 (ntzt:0s) =0.,0005 4
(h's':o0s') 0.1025 h (ht'zt:0z') 0,015y i
(hts:o0s) 0.0038 a4 (htz':sts') 0.2207 ec,h
(h'st:oz!) 0,0065 1 (htzt:ss) 0.,2073 4
(nhts:ozt) 0.0062 4 (ntz':s'z') 0,0949 e,i

C. ?om§ared with values obtained from M., Kotani et al,
90). —

d. Derived from approprlate integrals involving nodeless
28 AQO's,

h. C¢alculated from independently derived expressions.

1. Caleculated using analytical expressions given by
M. P, Barnett and C., A. Coulson (92).
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Table 10, (Continued)

Integral Value  Ref. Integral Value Ref,
(a.u.) (a.u.)
(h'z:sz') 0.0939 4 (htyrssty') 0.,0661 c,i
(htztsztz?) 0.2361 ec,i (h'ytssy') 0.,0651 4
(hrzt:y'y') 0,2083 c,i (htyrezty!) 0,0104 c,i

(h'y':oy!) 0.0119 h

c. Compared with values obtained from M. Kotan] et al.

(90).

d., Derived from appropriate integrals involving nodeless
2s AQ's,

h, Calculated from independently derived expressions.

1. Calculated using analytical expressions given by
M. P, Barnett and C., A. Coulson (92).
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obtained from existing tables or were computed by standard
methods indicated in the references., It will be noticed
that in many cases, Iindependent checks upon the values were
obtalned.

Many of the one-center integrals were taken from
tables published by Mulligan (66). It should be noted
that Mulligan's published values are twice those quoted
here, since his unit of energy was one-half of that utilized

in these calculations.

3. Exact methods for three-center integrals involving AOQ!'s

Relatively simple exact evaluation of three-center
integrals may be carried out in those special cases in which
all AQ's involved have the same effective nuclear charge
and the centers lie on a strailght line. Such cases have
been considered by Hirschfelder and co-workers (93,94},
‘whose work is based on that of Schuchowitzky (95) and
Gordadse(96). These types do not occur in the H,0
calculations,

Coulson (97) has described a method for certain three-
center cases which has recently been utilized (98) as a
general basis for two-center integral calculations. The
principle of the method is the infinite series expansion
of an AO on one center in terms of products of spherical

harmonice and besgsel functions on & second center,
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Many-center integrals are thus reduced to one~ or two-
center integrals in this manner. This type of expanslon
was utilized in the present calculations for the evaluation
of the three-center nuclear attraction integral (0:h'h").
The detalls of this computatlon are furnished in Appendix A,
Other methods based upon the expansion of an AQ on one
center in terms of spherical harmonics on another center
have been described by several workers, notably Coolidge
(18), Landshoff (99) and Lundgvist and Lowdin (100). Re-
cently, Rudenberg (101l) has described a method which is
quite similar in nature to the above treatments. It in-
volves the expansion of an AQ in terms of a complete or-
thogonal set of AO's on another center, Thls method was
Investigated quite extensively during the course of these
calculations, Two three-center integrals were treated
numerically, but the series involved were not carried to
comnlete convergence. These two integrals may, therefore,
be considered to be quite reliably approximated. Detalls
of the method and calculation are given in Appgndix B.
Barker and Zyring (102) have recently revorted a
general formulation of the three-center nuclear attraction
integral, The treatment has only been outlined specifi-
cally for s~type AO's. The method is based upon the
Neumann expansion of 1/r in terms of the fixed elliptical

coordinates of the attracting center and of the ordinary
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elliptical coordinates of the electron. In this sense, it
is probably closely related to Rﬁdenberg's method (71) for
two-center exchance Intepgrals. The work was published
after the SCF problem had been completed and, therefore,

could not be utilized in this connection.

i. Approximate methods for three-centsr integrals

involving AO's

There are 32 three-center integrals involved in the
SCF energy calculations on Hp0. It 1s well recognized that
their neglect can lead to very serious errors (74,75,78,
103,10l,105)., Therefore, in many theoretical calculations,
it has been consldered a wise policy to include all many-
center Iintepgrals even though rough approximations have had
to be utilized. Exact computation of three~-center inte-
grais 18, indeed, a difficult task due to the fact that in
most cases thelir solutions cannot be written in closed
form. Untll machlne~-computed tables are constructed 1in
order to simplify the calculations, it will usually be
necessary to rely upon approximate methods.

It has been one of the primary aims of this treatment
to secure the best possible approximate values for all
three~center integrals without expending an unreasonable

amount of time. For most MO treatments which have required
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approximate values for integrals, the simple point-charge
(66), the Mulliken (6,67) or the Sklar (106) approximations
have been used in the past,

411 of the three-center Integrals are functions of the
H-0-31 bond angle, which will be denoted by the symbol ¥
hereafter., In general, R without a subscript will refer
to the observed O-H distance.

Table 11 lists the values for all of the three-center
integrals. Inasmuch as each was treated as an individual
problem, the approximations are discussed in the following

paragraphs.

(a) The semi-point-charge-approximation (SPCA) and

(h'n":h'o), Because of the large 7%-value associated with
the ls oxygen AQ, the charge distribution h'o is practi-
cally a point-charge. Replaclng one continuous charge
distribution contained in a two-electron repulsion inte-
gral by a point-charge will be called an SPCA., The amount
of charge represented by h'o is given by 1ts overlap inte-
gral. Therefore, the SPCA for this integral may be

written
(h'h":h'o) = 8(h',o0)(0:hth") . (3.26)

For ¥ equal to zero degrees, (h'h":h'o) equals (h'h':h'o),

a two-center integral, the exact value of which is



Table 1l. Three-center integrals involving AQ's (a.u.)?

H-0-H bond angle (degrees)

Integral Paragraphb
90 100 105 110 120 180
(O:hth") (a) 0.2540 0.2310 0.2207 0.2113 0.1949 0.156l
(h'h":stst) (a) 0.2389 0.2189 0.2104L 0.2027 0.1897 0.1532
(hta":1ztz) (a) 0.2419 0.2211 0.2125 0.2049 0.1923 0.1577
(h'th":h'o) (a) 0.0155 0.011L1 0.0135 0.0129 0.0119 0.0095
(" :hto) (b) 0.0337 0.0334 0.0333 0.0332 0.0330 0.0325
[}
(h"n":hto) (e) 0.0315 0.031h 0.0314 0.0313 0.0313 0.0312 <<::>0
(hth":htst) (d) 0.1292 0.1175 0.1123 0.1075 0.0962 0.0796
(" :h's?') (e) 0.24t 0.236 0.231 0.226 0.219 0.196
(H":h's) {e) 0.243 0.234 0.229 0.221 0.217 0.193
(h"h":hts?t) (£) 0.2237 0.2146 0.2116 0.2089 0.2045 0.1920
(h"n":h's) () 0.2225 0.2132 0.2101 0.2073 0.2028 0.1910
a., Inasmuch as all values given here are approximate, except for (0:h'h"), the
rnumber of figures given are not necessarily "significant figures".
b. Letters refer to paragraph headings in Chapter III, B, l.



Table 11, (Continued)
H-0-H bond angle {(degrees)

Integral Paragraph®

90 100 105 110 120 180
(hth":h'z) (g) 0.0625 0,0517 0.0467 0.0h22 0.0339 0
(h'h":n'y) (g) 0.0625 0.0616 0.,0609 0.0602 0.0587 0.054}
(H":ntz') (h) 0.1701 0.1557 0.1494 0.1436  0.1335 0.1065
(H":h'y) (n) 0.0533 0,0620 0.0670 0.0705 0.0780 0.1065
(E":h'z) (h) 0.1873 0.1683 0.1581 0.1497 0.1319 0 ’
(h"h":ntz) (1) 0.1600  0.1460  0.1400 0.1320 0.1160 0 ?3
(h"n":h'y) (1) 0.0550 0.0650 0.0700 0.0740 0.0810 0.1110
(h"o:h'o) (5 0.00895 0,008%9 0.0089) 0.00893 0.00892 0.00887
(W"o:htst) (x) 0.0266  0.0265 0.026L 0.0263 0.0262 0.0257
(h'"o:h's) (k) 0.0252 0.0251 0.0250 0.0249 0.0248 0.0243
(h"osntzt) (1) 0.0155 0.0145 ©0.0141 0.,0136 0.0128 0.0101
(h"o:h'y!) (1) ~0,0033 -0.0028 -0.0025 -0.0022 ~0.0016 0
(n"o:h'z) (1) 0.0133 0.0115 0.0106 0.0096 0.0078 0

8.

Letters refer to paragraph headings in Chapter III, B, lL.



Table 11. {Continued)
H-0-H bond angle (degrees)

Integral Paragraph?

90 100 105 110 120 180
(h"o:hty) (1) 0.0086 0.0093 0.0097 0.0099 0.0103 0.0101
(h"st:higt) (m) 0.1540 0.1520 0.1500 0.1490 0.1470 0.1330
(h"s:hts) (m) 0.1509 0.1489 0.1468 0.1458 0.1437 0.1292
{(h'"st:htz) (n) 0.0849 0.0760 0.0716 0.0670 0.0579 0
(h'st:hty) (n) 0.0680 0.0729 0.0752 0.0773 0.0812 0.0925
(h"s:h'z) {n) 0.0841 0.0754 0.0711 0.0666 0.0577 0
{h"s:nty) (n} 0.0679 0.0727 0.0750 0.0771 ©0.0810 0.0927
(h"z:htz)} (o) 0.07hL 0,065 0.062 0.058 0.051 0.010
(ny:nty)P (o) -0.0337 -2.0393 <0.0h21 -0.0h48 -0.0499 -0.0660
(h"yinry)© (o) -0,005 -0.,011 ~0,014 ~0.016 -0.022 -0.038

a.
b.

Cs

Letters refer to varagraph headings in Chapter III, B, l.

Mulliken approximation.

Modified Mulliken approximation; see paragrapn (o).



Table 11. (Continued)
H-0-H bond angle (degrees)

Integral Paragraph®

90 100 105 110 120 180
(h"x:h'x) {p) 0.0193 0.0182 0.,0178 0.0172 0.0162 0.0100
(h"z:h'y) (q) 0.0323 0.0315 0.0307 0.0298 0.0272 0
(nth":0z2) (t) 0.0030 0.0025 0.0022 0,0020 0.0015 0
{h'h":38) (1) 0.2381 0.2181 0.2098 0.2022 0.1894  0.1530
(h'h"xx) (v) 0.2301 0.2107 0.2025 0.1952 0.1828 0.1502
(ath":yy) (v) 0.239 0.219 0.211 0.20h 0.192 0.158
(hth":zz) (v) 0.241 0.221 0.211 0.203 0.190 0.150

a.

Letters refer to paragraph headlngs in Chapter III, B, L.

—ggn
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0.0318 atomic units. The SPCA gave the value 0.0312. One
expects the SPCA to be low here since there is an excess of

Interpenetration of h'h! and oh' which 1s not accounted for

by the approximation.

In general, an SPCA of the repulsion between two
spherically symnetric distributions will be high. If the
distribution which 1s replaced by the point-charge is po-
larized towards the other dlstribution, the SPCA will be
closer to or lower than the exact value, It 1s often pos-
sible to determine the sign of the error of an SPCA by
judicious analysis,

For Y's equal to and approaching 180 degrees, one might
expect this approximation to be very poor due to the rather
extensive lmmersion of the oh' distribution in the cylin-
drically symmetric h'h" function. In this respect, it is
interesting to compare the values obtained from the exact
conputation of (0O:h'h") and the rather reliable apvroxima-
tions of (h'h":s'a') and (h'h":z'z!') (see Table 11, p. 80),
It is seen that, although for large Y the distributlons be-
come quite Intermixed, the SPCA still appears to be a
rather reliable approximation.

The resulting approximations of (h'h":h'o) according

to (3.26) are given in Table 11, page 030.

(b) (H":h'oc) and the charped sphere approximation.

Recently, R. G. Parr (107) has given a method for
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estimatling electronic repulsion integrals over LCAO MO's
involving Slater 2pm AO's. This treatment Iincludes an
approximation in which the electronic charge distributions
are replaced by uniformly charged spheres of finite size,
This approximation has been extended in the present calcu-
lations to enable the estimation of a variety of integrals
involving AQ's,

The h'o dilstributlion was replaced by a uniformly
charged sphere of total charge Q equal to 2/h',0), The

radius Ry of the sphere was fixed by the equation
(htosh'o) = 0.00903 « 622/(5R;) , (3.27)

whereby Ry equals 0.9l atomic units, This charged sphere
approximation was found by deriving the classical energy
of repulsion between two superimposed uniformly charged
spheres of equal diameter (see Appendix C)., The fact that
he h'o distribution is not actually spherically symmetric,
but polarized towards h!, was accounted for by placing the
chargéd sphere at a distance Rg from O towards H'. Ry was

determined by the apprroximation
(H':h'o) = 0,0350 = Q/(R = Ro) , (3.28)

where R 1s the O-H dlstance. R, 1s found to be 0,068 atom-
ic units.

For the general three-center integral {(H":oh'), the
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charged sphere approximation takes the form

(a":oh') = Q/Ry', Ry'> Ry (3.29)
where
2 2 &
Ry' = (R® + Ro“ + 2RR, cos 2w)® . (3.30)

The results are given in Table 11, page 80,

It should be noted that the point-charge approximation
of (ii":on') should be reasonably vallid, especially for
large Y. For Y equal to 180 degrees, the result is Q/R
or 0,03l atomic units., This is expected to be high since
the real center of the oh' distribution 1s polarized away
from H", In the charged sphere approximation, this was
accounted for by displacement of the sphere from 0. A sim-
ilar displacement Introduced into the point-charge model
makes the methods ldentical in this special case., For more
complicated integrals, this degeneracy will not occur.

In anticlipation of more general charged sphere approxi-
mations, there is gathered in Appendix C & number of formu-
lae glving the energles of repulsion between such svheres

for various speclfic cases,

(¢} The integral (h"h":h'o) and an inequallity rule for

hybrid integrals. This integral has the value 0.0318 atom-

ic units for Y equal to zero degrees. The SPCA gave the

value 0.0312 atomlec units for all Y. The true value of the
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integral for Y equal to 180 degrees would be expected to be
less than 0.0312.

The charged sphere aprroximation was applied to this
integral by replacing the E:Ei distribution by a uniformly

charged sphere of radius

R

(1.2)/(hn:hnh)

(1.2)/(0.625) (3.31)
1.92 atomic units.

Ry

1]

This relation was derived using equation (C.5) in Appen-
dix C, The oh' distribution was replaced by a polint-charge
of magnitude s{o,ht) at a distance R, of 0.068 atomic units

from 0 along OH'. Then, using equation (C.6),
(h"h":h'O) x Q(BRhZ - R'z)/(ZRhB) » (3032)

where R! is the distance between the center of the h"h"
sphere and the polnt-charge. At ¥ equal to zero degrees,
this apnroximation gave 0.03l16 atomic units, and at 180 de-
grees, 0,032 atomic units. It was then asswmed that the
per cent error in this approximation 1s the same for all Y.
This assumption is probably quite valid, since the position
of the charge moves only 0.136 atomic units in a sphere of
radius 1.92 atomic units as Y goes from zero to 180 degrees.
The value obtained for Y equal to zero degrees was 0.0318

atomic units (the exact value fixed by assuming a constant
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8.8 per cent error) and 0.0298 for Y egual to 180 degrees.

This charged sphere approximation of (h"h'":h'o) was
not carried out until after the SCF calculations were com=
pleted. The value 0.0312 was utilized at 180 degrees, and
a linear interpolation between zero and 180 degrees was
taken to obtain the intermedlate values listed in Table 11,
page 80,

One may now develop & useful inequality between ths
values for (h"h":hto) and (H":h'o), or, in general, for
(Lsglsg: XX o) and (A: Xy X o) where Xb and Xc are any
two A0's on two different centers. By integrating over the
coordinates of the electron represented by lsglsg, it may
be shown that

(lsglsg: X p Xg) = (A X Xy) (3.33)
-npa"3[(AélsalsaXbX o) + pas(lsalsa)(b)(c)] .

The first integral on the right-hand side of this equation
is generally more easily approximated than the electronic
repulsion integral. It is not always obvious which is the
larger. The signs of the second two integrals on the
right-hand side of the equation may often be found by in-
spection and thus determine an inequality, For example,
(H:h"h"oh') and S(h"h"oh'!') are always greater than zero

since thelir integrands are positive in all space.
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Therefore, (h"h":h'o) is less than (H":hto). This inequal-
ity might be expected to become less pronounced as Y in-
creases, This is seen to be true of the results given in

Table 11, page 80,

(d) The integral (h'h":h's), The SPCA was utllized

for approximating this integral, The resulting values for
both the nodeless and orthogonsalized 2s AQ's are given in

Table 11, page 80.

(e) The integral (H":h's)., The h's!' distribution was

replaced by a point-charge of magnitude S(ht',s!') at the
point of maximum overlapr along the 0-H! internuclear axis.
For ¥ equal to 180 degrees, this point-charge approximation

may be written as follows:

[ 13

(E":h'st) ¥ s{n's?')/(R + 0.785)

(3.3l)
0.196 atomic units.

14

The charged sphere approximation was applied in the
same manner as 1t was for (H":nto). The result is 0,193
atomic units for ¥ equal to 180 degrees.

A rough graph was drawn connecting the exact value at
zero degrees and the assumed value of 0.196 atomic units at

180 degrees. The results are given in Table 11, page 20.

(f) The integral (h"h":h's). The SPCA of (hW"W':hta')

for Y equal to 180 degrees was applied by placing a
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point-charge of magnltude S(h',s') at the maximum in the
overlap of h's' along the O-H' axis. The result is 0.192.
The Mulliken approximation (6) of this integral may be

formulated as follows:

("a":nrst) ¥ S5(h',s') [('hrn™a”) + (wa":stst)] .

(3.35)

This pives the value 0.2813 at Y equal to zero (the exact
value is 0,286l) and 0,192 at 180 degrees. The interme-
diate results as given by this approximation (slightly
nodified to give the correct result at zero degrees) are

listed in Table 11, page 80.

(g) The integrals (h'h":h'y) and (h'h":h'z), These

two integrals were computed by the SPCA. The results are
given in Table 11, page 81.

The Mullilken approximation shows general agreement
with the above method with regard to the general variation
with Y. The difference between the two never exceeds
0,01l atomlc units, the Mulliken method being the lower

at all except very small Y.

{(h) (H":h'z) and (H":h'y). These two integrals are

probably the most difficult to estlimate accurately. It is
believed that the charged sphere approximation 1s the most

reliable of the approximations used for these cases,



«Clw

The integral (H":h'z') was initlally considered. This
can be related to the above intepgrals by the transforma-
tions indlcated in equations (3.6). The distribution h'z'
was replaced by a palir of tangent uniformly charged spheres
of radii Ry and Rp, and charges Ql(< 0) and Q5(> 0), re-
spectively. The following formulas were obtuined by using

equatlions in Arpendix C:

14

(htzt:h'zt) 3%f&2/(31 + R2) + 6312/5R1 + 8322/532 H

28

(':n'z') # Gp/(Ry - Ry) + Q3/(R + Ry), RyKR/2 5

(3.36)

R

(Cintzt) Q’Z/RZ + Q’l/Rl H

and

113

S(nt,z!) % Qq + Uy .

For Y equal to 180 degrees,
(H":htz') 2 Qa/(R + Rp) + G1/(R - By) , Ry<R/2 . (3.37)

The right«hand sides of these five equations contain four
unknowns: Uy, Qo, Rq and R2° If one takes Rl and Ra equal
to the distances from 0 to the appropriate maxima of h'z!
measured along the internuclear axis (0,306 and 0.785 atom-
ic units), one can use the fourth equation and one of the
fifst three equations to determine Ql and Qz; Approxima-
tions can then be obtained for the other three integrals.
Table 12 gives the results of these calculations.

It is seen from the first three calculations that



(E":h'z') is rather insensitive to the cholece of equations
used to determine the parameters, The sipgnificance of
\Qll + 4o is especilally interesting. Thls corresponds to

the integrated absolute overlap between h' and z'; the

Table 12. Application of the charged sphere approximation

Calculated approximate values

Integral sz%&: N > 3 N
(h'z'shtzt)  0,1331 (0.1331)

(H':htzt) 0111 0.369 0.388  (0.411L)
(A":htz') emmeee 0.117 0.107 0.092 0
(O:h'z?) 0.2501 0.323 (0.2501) ©€.15
lQql + Qp 0.1169 0.540 0.642  1.30

value should be in the viecinity of 0.509, which is the
overlap between h'! and s', It 1s seen that the value of
zero given to ({":h'z') yields an absurd value for

\QI} + Go.

It was assumed that |Q + Qo is equal to 0.509, a
reasonable value for this quantity. Then, Ql equals
-0.0806 and @» equals 0.1428ly. The second and third equa-
tions (3.36) were solved simultaneously for Ry and Ro,

piving 0,322 and 0.827 atomic units, respectively. These



-93w

values of the parameters should give good values for
(H":ntz?) for all Y, The results are given in Table 11,
page 81.

The integral (H":h'y) 1s equivalent to (H":h'z!) for
Y equal to 180 degrees, From the above approximation, it
is, therefore, equal to 0.107 at this Y, The exact value
of (H":h'y) at zero degrees 1s zero. A roughly linear
curve was plotted between these extremes.

The integral (H":h'z) is determined by utilizing the
above approximations of (H":h'y) and (i{":h'z') and applying
the transformation equations given in (3.6). The final

values for (H":h'z) and (H":h'y) are given in Table 11,

page 81,

(1} The integrals (h"h":h'z) and (nW"h":h'y). The in-

equality condition which was described in connection with
(h"h":h'o) may be applied to these two integrals. It can

be shown that the followlng relatlions are correct:

(h"h":ntz) < (g":htz)
and (3038)
(W"n":ht'y) > (H":hty) .

‘The charged sphere approximation was applied to
(h"n":htz') for zero and 180 degrees, which are equivalent

to (W"h":h'z) at zero degrees and (h"n":h'y) at 180 degrees,
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respectively. The spheres used for h"h" and h'z' were the
same as those used for (h"n":h'o) and (H":n'z!'), respec-
tively. For Y equal to zero degrees, the charged sphere

approximation gives the formula

Q/(R + BRy) + Q15,2 - 3R,2 - 5(R - R,)2]/(10R 3)
= 0.256, (3.39)

and for 180 degrees,

Q,/(R + R,) + Ql[lsRh? - 3312 - 5(R - Rl)a]/(10Rh3)
= 0,111, (3.140)

The value 0.256 atomic units 1s in good agreement with the
exact value, 0,2599, and 0.111 for Y equal to 180 degrees
agrees well with the inequality cited in equation (3.38).

The final values for the integrals (h"h":h'z) and
(h"h":h'y) are listed in Table 11, page 81.

(1) The integral (hto:h"o) and a modified Sklar

approximation. A method was developed for the approxima-

tion of exchange integrals of the type (lsaxb: chd) in
which”p(lsa) is small andjl(Xtﬂ 1s large. The approxima-
tion is described here for the special case in which ):b
is an s~-type AOC.

Conslder first the charge dilstribution lsgnsy. It may

be written in analytical form as follows:



-95«

lsgnsp = NgNprpP~1l exp(-para = ppry) (3.41)

where Ny and Ny, are normalization constants. The magnitude
of the exponentlal part measured on the internuclear axis
A-B may be expressed in simpler forms. Let the distance
A-B be R and designate reglon I as that being to the left
of A, region II as that bheing between A and B and region

IIT to the right of B, Then,

exp(~ npR) exp(~p r, - pr. ) I

exp(~-parg = pprp) = { expl-pgR) exp(- pyry + pary) II

It 1s quite obvious that if‘p(nsb) is large and‘p(lsa) is
small, the exponential part will be negligible except in
regions II and III. In order to secure a single exponen-
tial which will be apovroximately applicable in elther of
these regions, the average of the exponents is taken to

give

exp(- pgrg = MpTy) ¥ exp(- pgR) expl(-pry) (3.163)

Therefore,

-1

lsgnsy ¥ NNy, exp(-}laR)rbn exp (= pypry) (3.4h)
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The two-center charge distributlon has thus been approxi-
mated by a ons-center distribution., One could utilize
equation (3.hly) directly rfor approximating integrals, How-
ever, it was found advantageous to fix the amount of charze
in the approximated verslon so as to be equal to the exact

overlap S(lsa,nsb). The approximation then takes the form
ls,nsy ¥ S(lsa,nsb)lsb'nsb'/ﬁ(lsb',nsb') R (3,145)

where u(ls,') = plnsy') = 4pu (nsy). The method now strong-
1y resembles similar approximations used by Sklar (106},
The mononuclear overlap integral may be formulated simply

as follows:

S(lsy!',nsyt) s (n + 1)1 [(en) 12 -3 . (3.146)

Some numerical results of this approximation as ap-
plied to the integral (lsglsy:lsglsy), F(lsa) = 1, are
given in Table 13. 1In these cases, the charge distribu-
tions for electrons one and two were each approximated,
yielding a mononuclear integral., Greater accuracy could
probably be attained by approximating only one charge dis-
trivution in each integral, and computing the appropriate
hybrid integral. It is seen from Table 13 that tho approx-
imation tends to give low results. If applied to a three-

center integral (lsgnsy:lsensy), the approximation is
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independent of the angle A-B-C, inasmuch as the distribu-
tions are replaced by one-center s-type functions. There-
fore, from the nature of the method, one might be inclined

to consider the approximate result as a good mean value of

Table 13. Ixamples of the modified
Sklar approximation

(hglsy:hglsy)
}l(lsb) R
(a.u.) Approximate Exact
(a.u,) (a.u.)
2.69 2.6l 0.0149 0.0158%
2,69 3,02 0.0075 0.00773
2.69 3.40 0.0037 0.00378
3.69 2.8 0.0106 0.0106%
7.7 1.8103 0.00895 0.00903

a, From tables given by Fischer (81).

the integral for all bond angles., It will, therefore, be
generally assumed that the value 1s valid for a 90 degree
bond angle.

For (h'o:h"o), a linear variation with resvect to Y
is assumed. The exact value at zero degrees, 0.00903 atom=

ic unlts, and the aprroximate result at 90 degrees,
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0,00895 (Table 13), are utilized to determine the variation.

(k) The intepral (h'o:h"s) and the modified Mullilken

approximation. The Mulliken approximation (6) of the inte-

gral (hto:h'o) gives the result 0.0060 atomic units, which
is 33.5 per cent too low. The same approximation applied
to (hts':h's') is 0.1565, which is low by 10.5 per cent.
On the basis of intultion alone, it might be expected that
the Mulliken aprroximation of {(h'o:h's!') should be in error
to some intermediate extent. Assuming an average error,
22,0 per cent, the Mulliken approximation of (hto:hts'),
0.0213, is modified to give the value 0,0275.

The modified Sklar approximation may be applied to

this integral as follows:
(hto:h"s') = S(h'o)(lsg'lagtth!s?)/S(1sgtlsy?) ,  (3.47)

where j(ls,') = Fp (o) = 3,85, This gives the result
0.0265, which is expected to be valid for a bond ansgle of
90 degrees (vide supra).

The SPCA was applied to this integral as follows:
(htos:ntst) = S(h',0)})(0:h's') = 0.0266. (3.48)

This value 1s expected to be low due to the strong inter-
penetration of h'o and h's' not accounted for by the
(C:h's') interaction. This same type of integral (with

different values for R and the p!s) has been computed
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exactly by Fischer (81). The exact value is gilven as
0.0179, whereas the SPCA gives 0.0168,

The values 0.0275 for Y eyual to zero degrees, and
0.0266 at 90 degrees were assumed in order to obtain the

final results given in Table 11, page 81.

(1) The integrals (h"o:h'z) and (h"o:h'y). These two

integrals were transformed to (h"o:h'z') and (h"o:h'y')
using equations (3.6). The latter integrals are more
easily approximated.

The modified Sklar approximation gives the result
0.0152 atomic units for (h"o:h'z'), This value 1s expected
to be a good aprroximation for Y'equal to 90 degrees,

The SPCA applied to (h"o:h'z') gives the value 0,0153.
Fischer's (81l) exact values for this type of two~-center
integral may be compared to the corresponding SPCA's:
0.0262 (0.0228), 0.0171 (0,0153), 0.0123 (0.0100) and
0.0250 (0.022l.), the approximations belng enclosed in
parentheses. The values are expected to be low as compared
to the exact for Y equal to zero degrees., This approxima-
tion does not account for a strong interpenstration of the

positive portion of h'z! and h'o, wnich gives a greater

repulsion than accounted for by S(h'o)(0:h'z'),
The charged sphere approximation was applied to
{(n"o:h'z')., The h'o distribution was treated in the same

manner as for (h"h":h'o), and h'z the same as for (H":h'z').



-100~

The results of thils method are given in Table 11, page 81.
The value for Y equal to 90 derrees agrees well with the
approximations discussed above,

The Mulliken approximation of (h'z':h'z') glves the
value 0,0767, which is ;2.3 per cent too low, For
(hto:thto), the error is 33.5 per cent low, Assuming that
thils approximation is 37.9 per cent too low for (hto:th'z!'),
the value 0.0238 is obtained, which iz in quite good agree-
ment with that obtained by the charged sphere approxima-
tion (0.0212).

The integral (hW"o:h'!'y') was approximated by the
charged sphere method for Y equal to 90 degrees, The 213
distribution was replaced in the same manner as for
(h"h":h'o) and (h"o:h'z'). The h'y' charge distribution
was approximated by two equal tangent spheres of oprosite
charge. The radli Ry used were determined by utllizing the
geometrlc mean of the two radil involved in the h'z'
chafged spheres, This turned out to be 0.525 atomic units.
The charge Q@ to be associated with each sphere was deter-

mined by the relation

(hty':hryt) = 0.0285 ¢ 2/R; + 12%/(5R) = MW2/(5Ry) .

If Ry equals 0,525, Q is found to be 0,103. The total

integrated overlap of h'y' would then be 2Q, or 0.206,
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which is probably a reasonable value for this quantity.
The integral (h"o:ht'y') is egual to zero by symmetry
conslderations for ¥ equal to zero and 180 degrees. For
intermediate angles, the charged sphere results are given
in Table 11, page 82, The slight maximum for Y equal to
120 degrees might be qualitatively explained by the fact
that a decrease in repulsion is expected as gﬂg'moves into

the negative lobe of h'y (as Y approaches 180 degrees).

(m) The integral {(h's:h"s), The Mulliken approxima-

tion of (h's':h's') is 0,1565 atomie units. The true value
1s 0.1748. It was assumed that the per cent error is a
constant independent of Y. The resulting values are given
in Table 11, page 82.

The charged sphere approximation was applied to this
integral for Y'equal to 180 desrees., The h's?' distribution
was derived in the same manner as for (H":h's'). The radi-

us of the sphere, Ry, was found from the approximation
(h'st:hist) = 0.1748 ¥ 602/(5Ry) , (3.50)

where @ equals S(ht,s'),. Ry was thus determined to be
1.78 atomlc units. The distance from O to the center of

the sphere, Ry, was calculated by the approximation

(H':h's‘) = 0.3859 4 Q[BRlE - (R - Ro)a]/(ER]_) s (3051)
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in which it was found that R, ejuals 0,829 atomic units.
For ¥ equal to 180 derrees, (n's':h's!) is represented by
two equivalent uniformly charged spheres which Intersect
such that the distance between thelr centers is 2R,. Iqua-
tion (C,2) may be used to determine the repulsion, The
result, 0.133, is in exact agreement with the adjusted

Mulliken approximation given in Table 11, page 82.

(n) The integrals (h'"s:h'z) and (h"s:h'y). The

Mulliken approximation of (n"st:htz) 1s assumed to be 19.85
per cent low for all 7,

The same approximation is 2.3 and 10.5 per cent low
for (htz':h'z') and (h's':ht's'), respectively. The modified
Mulliken approximation would then indicate that (h"s':htz!')
should be aprvroximately 26.l1 per cent too low. Thls might
indicate that a geometric mean per cent error should be in-
vestigated in preference to the average per cent error
originally recommended for the modified Mulliken approxima-
tion. This would give 20.2 per cent, which is in better
agreement with the true error, 19.85 per cent.

The Mulliken approximation of (h"s':h'y) is used as
such., By pilctorially analyzing the lnteractions involved
in this integral and (h"s:h'z) 1t may be shown that for a
bond angle of 90 degrees, the value of the latter should
excced that of the former., This 1s because at this angle,

h's! is farther from the posltive lobe of h'y than from
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h'z, and also penetrates the nepative lobe of h'y more than

that of h'z.

(o) The integrals (h"z:h'z) and (W"y:h'y). The exact

value of the first integral for Y'equal to zero degrees is
0.1331 atomlc units. The Mulliken approximation at this
ahgle was found to be L2.3 per cent too low. At 180 de-
grees, thils approximation glves a value of zero, which also
is expected to be low, For this Y; the charged sphere ap-

proximation was applied as follows:

(hfz:n"z) = -2092/(2Ro') + 124,2/(5R,)
- @,2[80(2R,) 2R, 3 - 30(28,)3R;2  (3.52)

+ (2Ro)5]/(80R,0) .

The parameters used are those derived for (h"o:h'y')., Rg!
is the distance from O to the center of any of the four
spheres involved., The answer obtained was 0.0120 atomic
units, Before this calculation had been performed, the
value 00,0100 atomic units was derived by quite qualitative
means, This was the value which was used. A linear varla-
tion of (h'z:h"z) with Y was assumed.

The results of the Mulliken approximation of (h"y:h'y)
are given in Table 11, page 82. All of these values are

probably too low, inasmuch as the true value for Y'equal to
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zero degrees is 0,0285 atomic units compared with the ap=-
proximate result of zero,

The charged sphere approximation may be rigorously
applied to (h"y:h'y) for Y equal to 180 desrees, The fol-
Jowlng expression was derived using equations from

Arpendix C:

(3.53)
- 20,0, [15R,2 - 38,2 - 5(R, - B)Z]/(10R,3).

The values for all parameters were obtained from approxima-
tion number 1 of Table 12, The result of equation (3.53)
was -0,0327 atomic units.

If one adds 0.0285 to the value given by the Mulliken
aprroximation for Y’equal to 180 degrees, the adjusted re-
sult of -0,0375 atomic units is obtained. Thls agreement
with the charged sphere approximation seems to 1lndicate
that such an adjusted Mulliken approximation should be

reasonable,.

(p) The integral (h'x:h"x). The true value of this

integral for Y equal to zero degrees is 0,0285, For Y
equal to 180 degrees, the value 0,0100 from paragraph (o)

is utilized.
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(g) The integral (h"z:h'y). The Mulliken approxima-

tion of this integral is used for all values of Y.

(r) The integral (h'h":o00). The SPCA for this inte-

gral is utilized for all angles; that is,
(hth':00) ® (O:h'h"), (3.51)
For Y.equal to zero, the error is about 0.2 per cent.

(s) The integral (h'h":08). The SPCA was assumed for

the integral (h'h":o0s'). This led to the value of zero for
(u'h":0s) for all values of Y, The true value at zero de-

grees is =0,0007,

(t) The integral (h'h":o0z). Tor Y equal to zero, the

exact value 1is 0.,0112, and a£ 180 degrees, the exact value
is zero. A rough plot was constructed to obtain the inter-

mediate values,

(u) The integral (h'h":ss). The integral (h'h":st's')

was evaluated by the exact Radenberg method (Avpendix B)

without carrying the series to complete convergence.

(v) The integrals (h'h":xx), (h'h":zz) and (h'h":7y).

The integral (htu":z'z!') was obtained to fair accuracy by
 the Rﬁdenberg method (Appendix B). These results, combined

with the SPCA (see paragraph a) and some minor changes to
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obtain & logical order in the values at Y equal to 180 de-

grecs, are given in Table 11, page 83.

5. Fvaluation of integrals involving symmetry orbitals

The integrals involving symmetry orbitals are easily
expressed in terms of integrals over AQ's by first utiliz-
ing the transformation given in (3.6) and then, 1f neces-
sary, the transformations of equations (3.8). The result-
ing numerical values are tabulated for all bond angles in

Tables 1l and 165,
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symmetry orbitals {a.u.)

Electronic repulsion integrals over

H-0-H bond angle (degrees)

Integral

90 100 105 110 120 180
11:11 1.0267 0.9358 0.8980 0.8636 0,8082 0.6795
11:12 0.0666 0.0646 0.0637 0.0629 0.061ly 0.0579
11:13 0.5373 0.5142 0.5046 0.4958 0.4808 0.44h7
11:1h 0.3315 0.2945 0.2769 0.258l 0.2219 0
11:22 0.7639 0.7409 0.7306 0.7212 0.7048 0.6663
11:23 -0.0007%
11:2) 0,0109 0.0097 0.0090 0.008l 0.0071 0
11:33 0.7173 0.697 0.6890 0.6815 0,.6686 0.6322
11:3L 0.1038 0.0913 0.0851 0.0794 0.067k Q
1l:4h 0.7290 0.7052 0.6933 0.683) 0.6669 0.6160
11:55 0.3941 0.4058 0.4097 0.4129 0.,h172 0.4220
11:56 0.2572 0.277L 0.281L 0.2880 0.2994 0.3392
11:66 9.7270 0.7109 0.7048 0.6996 0.6912 0.6683
11:77 0.6959 0.6765 0.6683 0.6610 0.6486 0.6160
12:12 0.0180 0.0180 0.0180 ©.0180 0,0180 0.0179
12:13 0.0513 0,0512 0.0511 0,0510 0.0509 0,050k
1231k 0.0276 0.0245 0.0229 0,0212 0,0179 0
12:22 0.2711%
12:23 -0,01622

a, Values are the same for all bond angles,
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(Continued)

H-0-H bond angle (degrees)

Integral

90 100 105 110 120 - 180
12:2) 0,0013 .0,0012 0,0011 0,0011 0,0009 0
12:33 0.0893%
12:3) 0.0022 0,0020 0.0019 0.0018 0,0016 0
12:1y 0.0904 0.0503 0.0902 0.0902 0.0901 0,0898
12:55 0.0228 0,0247 0,0256 0.026}4 0,0278 0.0311
12:56 0,0229 0.0248 0,0257 0.026} 0.0278 0.0303
12:66 0.0904 0,0905 0.0905 0,0906 0,0907 0.0910
12:77 0.0898%
13:13 0.323 0.321 0.3193 0.3183 0.3162 0,3017
13:14 0.,1788 0,1615 0.1526 0.143L 0.12)7 0
13:22 0.5663%
13:23 0.00548
13:2 0.0062 0.0056 0,0053 0.0050 0,003 0
13:33 0.148)3%
13:3L 0.0L66 0.0h2L 0.0401 0.0378 0.0330 0
13:hh 0.4897 0.4881 o0.487% 0.4866 0.4852 0.4808
13:55 0.1719 0.1818 0.1870 0.1918 0.2005 0.2199
13:56 0.1626 6.1753 0,1812 0.1868 0,1970 0,2266
13166 0.4,897 0.4912 0.4920 0.4927 0.4941 0.4,985
13:77 0.4808%

a, Values are the

same for all bond angles.
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Table 1lli. (Continued)

H-0-H bond angle (degrees)

Integral
90 100 105 110 120 180

el 0.1548 0.1367 0.1292 0.1209 0.1056 0.0385
122 0.2498 0,2271 0,2151 0.2026 0,1766 0
1y:23 -0,0005 -0,0005 -0,000L -0,000l -0.000L 0
U2l 0.0192 0.0188 0.0186 0.018f 0.0180 0,0168
1233 0.2073 0.1885 0,1785 0.1682 0.1466 0
s 3L 0.1120 0,1089 0.1072 0.1055 0.1023 0,0921
bl 0,2326 0.2108 0.1994 0.1877 0.1632 0
1255 0.1547 0,1h82 0.1448 0.1391 0,1260 0
1h:56 0.0846 0.0830 0.,0812 0.0790 0.0725 0
Uy 66 0.2118 0.1931 0,1832 0,1728 0,1510 0
U 77 0.2083 0.1893 0.1793 0.1689 0.1473 0
22:22 }.81258

22:23 ~0.,11,98%

22:2l 08

22:33 1,133,2

2213l o?

22:4) 1.12972

22:55 0.2559 0.2789 0.2892 0,29056 0.3150 0.3535
22:56 0.2498 0.2706 0.2803 0,289 0.3059 0.3533
22:66 1,1297%

a., Values are the same for all bond angles.
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Table 1., (Continued)

H-0-11 bond angle (degrees)

Integral

90 100 105 110 120 180
22:77 1.12974
23:23 0.0703%
23:2) 0%
23:33 -0.01818
23:34 08
23:14h -0,00978
23:55 -0.00072
23:56 -0,0005 -0,0006 -0,0006 =0,0006 -0,0006 -0,0007
23166 -0.00972
23:77 ~0.00978
22l 0.02618
2L:33 o8
2ls 3l 0.0349%
2halhy 08
21255 0.0049 0,007 0.0046 0.004Y 0.0041 0
2l:56 0.0025 0,0025 0.002}, 0.0023 0.0022 0
2166 o8
2l: 77 02
33:33 0.80392

02

33:3L

a. Values are uvhe same for all bond angles.,
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(Continued)

H-0-H bond angle {degrees)

Integral

90 100 105 110 120 180
33:4h 0.81362
33:55 0.212 0.2611 0.2695 0.2770 0.2898 0.3262
33:56 0.2073 0.2216 0.2326 0.2402 0.2539 0,2932
33:66 0.81362
33:77 0.81368
33l 0.17492
3hshihy oa
34:55 0.04L88 0.0473 0,0461 0.04h)y 0.0LOL 0
3l:56 0,020i 0.0201 0.0197 0.0192 0.0177 0
3L:66 08
3L:77 o8
Iyshly 0.8905%
Iy :55 0.2470 0.2632 0.2713 0.2774 0.2869 0.3156
Wl :56 0.,2118 0.2289 0.2366 0.2410 0.2573 0.2945
266 0.79458
Wye77 0.7945
55:55 0.1593 0.1839 0.195) 0.2063 0.2238 0.2695
55:56 0.0805 0.0996 0.1092 0.1177 0.1334 0.1853
55:66 0.2490 0.2729 0.2828 0.2916 0.3072 0.3523
55:77 0.2357 0.2551 0,2633 0.2706 0.2830 0,3156

a. Values are the same for all bond angles.



~-112-

Table 1. (Continued)
H-0-H bond angle (degrees)
Integral
90 100 105 110 120 180

56356 0,0858 0,1009 0,1083 0,1147 0.1289 0,1711
56:66 0.2326 0.2526 0,2619 0,2708 0,2870 0.3339
56:77 0.,2083 0,225 0,2337 0.2413 0,2551 0,2945
66166 0,89058

66:77 0.79L58

17:77 0.89052

57:57 0,0092 0,0103 0.0107 0,0113 0.0123 0,0183
57:67 0,010} 0,0123 0,016 0.0120 0.0127 0,0147
67:67 0.0,802

15:15 0.1315 0.1h22 0.1468 0.1511 0,158} 0.1768
15:16 0.0911 0,0948 0.0963 0.0982 0,1019 0.1053
15:25 0.0002 0,0003 0.0003 0.0003 0,000} 0,0005
15:26 0.0079 0.0086 0,0089 0,0092 0.,0097 0.,0112
15:35 0.0399 0.0465 0.0487 0,0507 0.0538 0,0622
15:36 0.0763 0.0826 0.0856 0.0883 0,093 0.1078
15:45 0,0168 0.0149 0.0129 0.0121 0.0099 0
15:46 0.0223 0.0219 0.0215 0,0209 0.0193 0
16:16 0.0758 0,0789 0.0803 0.0827 0.0849 0.0951
16:25 0.0057 0.0062 0.0064 0.0067 0.0072 0,0101
16326 0.0193 0,0197 0.0199 0.0201 0.0205 0.0217

a, Values are the same for

all bond angles.
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(Continued)

H-0~-H bond angle (degrees)

Integral

90 100 105 110 120 180
16:35 0.0268 0.0299 0,0312 0.0326 0,0350 0.0412
16:36 0.1125 0,1160 0.1177 0,119} 0.,1227 0,1329
16:45 0.0208 0,0200 0,0198 0,019 0,0181 0
16:h6 0.0139 0.0132 0,0128 0.0123 0,011l 0
25:25 0.0001 0.0001 0,0001 0.0001 0.0001 0,0002
25:26 0.0013 0,001} 0.0015 0.0015 €.0016 0,0018
25:35 0.0009 0,0010 0.0011 0.0012 0.0013 0,0018
25:36 0,0022 0,002 0.0025 0,0026 0,0027 0,0032
25:45 0,0010 0,0015 0,0017 0.0020 0.0023 0
25:16 0.0006 0,0006 0,0006 0,0006 0,0005 0
26:26 0.026)8
26:35 0,0062 0,0067 0,0069 0,0071 0,0075 0,0087
26:36 0.03492
26:415 0,0025 0,0025 0,002l 0,0023 0,0022 0
26:116 oa
35:35 0.0216 0.0216 0.0236 0.0267 0,0288 0.0433
35:36 0.0466 0.0505 0,0523 0,050 0.0571 0.,0659
35:45 0.0106 0,0107 0,0104 0.0102 0.0093 0
35:146 0.008¢ 0.,0087 0.0086 0.0083 0.0077 0
36:36 0.1749%

a. Values are the same for all bond angles,.
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. (Continued)

H~0-H bond angle (degrees)

Integral

90 100 105 110 120 180
36:145 0.0204 0.0201 0.,0197 0.0192 0.0177 0
36346 08 |
L5:45 0.0068 0.0067 0,0052 ©.00L9 0.0036 0.0185
L5:16 0.0139 0.01lY; ©0.0146 0.0147 0.0149 0.0147
hé:h6 0.0l808 |
17:17 0.0478 0.0467 0.0463 0.0457 0.0447 0.0385
17:27 0.01688
17:37 0.09218
17:47 0.010L 0.0094 0.0089 0,008 0.0073 0
27:27 0.0265%
27:37 0.03498
27:47 oa
37:37 0.17508
37:47 o2
W7:47 0.0180%2

a, Values are the same for all bond angles.
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symmetry orbitals {(a.u,)

Bare nuclear fileld integrals over

H-0-H bond angle (depgrees)

Integral

90 100 105 110 120 180
(0:11) 0.7648 0.7418 0.7315 0.7221 0.7057 0.6672
(n:12) 0.33288
(0:13) 0.5550%
(0:1h) 0.2501 0.2273 0.2153 0,2028 0,1768 0
(0:22) 7.70008
(0:23) -1,05058
{0s2h) 0?
(0:33) 1.26368
(0:3) 08
(Oshly) 1.13758
(0:55) 0.2568 0.2798 0.2901 0.2995 0.3159 0.35LL
(0:56) 0,2501 0.2709 0.2806 0.2897 0.3063 0.3537
(0:66) 1.13758
(0:77) 1.13758
(r:11) 0.9663 0.9133 0.8910 0.8711 0.8381 0.7613
(H:12) 0.0486 o.,048h 0.0483 0.0L82 0.0481 0.0LT77
(H:13) 0.4l465 0.4402 0.4366 0.4331 0.1;281 o.5112
(H:1) 0.3381 0.305) 0.2089 0.2727 0.2307 0
(H:22) 0.552L%

a. Values are the same for all bond angles.
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Table 15,

{ontinued)

H-0-H bond angle (degrees)

Integral -

90 100 105 110 120 180
(H:23) -0,00058
(H:20) 0,0117 0.0106 0.0100 0,0095 0.0083 0
(H:33) 0.54512
(5:34) 0.1290 0.,1172 0.1110 0,1046 0.0912 0
(daldy) 0.5661 0.5553 0.5501 0,5449 0.5352 0.5043
(H:55) 0.4160 0.4420 0.4529 0.4625 0.478) 0.5140
(H:56) 0.2,413, 0.2667 0,2782 0.2882 0,3071 0.3662
(H:66) 0.5661 0.5768 0,5821 0,5872 0.5970 0.6279

(1:77)

0.50),3%

a, Values are the same for all bond angles.
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C. Results and Interpretations

1, General considerations

Utilizing the notation for MO's defined in equations
(3.10), the ground state MO electronic configuration for

H,0 may be written in general as follows:
Hy0: 1a;)2a;)%10b,)23a1)%160)% , 14y . (3.55)

The MO's are given in their order of increasing cnergy, as
deternined by qualitative considerations indicated in
Chapter ITI,

The SCF caleulations were carried out, therefore,
under the assumptlon that three }MO's of A symmetry and
one MO each of By and B, symmetries are occupiled in the
ground state. There seem to be no arguments to the effect
that this general assigmment is not true. If, however,
this configuration were not correct for the ground state,
the final results would be meaningleas to a large degree,
One must have a good avproximation of the ground state of
a molecule before it 1s possible to determine an excited
state of the same symmetry., It is expected, although by
no meéns proven, that if one made the wrong choice of occu-

pied MO's, the calculated results would Indicate unoccupled
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orbitals lower in energsy than the originally assumed
occupled ones,

The ground state LCAQ lMO's, listed along with the
unoccupied orbitals in the matrix (3,10), may be rewrit-

ten in the following more useful notation:

;6(1&1) T 09907 + Cyp0 # 038 + 0q), %

ﬁ(Zal) = ©p107 + Cpp0 + Cp38 + Oz

ﬁ(Bal) = ©390y + €50 4 Cgu8 4 ©q), % (3.56)
%{lbz) = egOp + 0T

g(1b)) = x ,

where o and Gg are defined as in equation (3.9).
It is important now to distinguish more carefully the

two treatments that were carried out. First of all, a com-
plete SCF treatment was performed which Included no assump=-
tions beyond those contained in the LCAO MO's defined as in
(3.10) (except, of course, the three-center integral ap-

proximations). As was noted in Part A of this chapter, the
seven~by-seven secular equation (3.21) reduced to one four-
by-four, one two-by-two and one one-by-one equations on ac-

count of symmetry. In addition, a second calculation was

carried out 1n which the following LCAO coefficients were
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assumed to be identically equal to zero: Cyqs 013, clh’
Con and C3pe The secular eguation was thereby simplified
to one three-by-three, one two-by-two and two one-by-one
determinants. Hereafter, this latter calculation will be
referred to as the approximate treatment,

The MO #(la,) 1s not orthogonal to #(2a,) and £(3a,)
in this approximate treatment. Since the methods of cal-
culation have been derived under the condition that all
MO's are strictly orthogonal, the numerical results of
thls treatment should be viewed with some discretion,
Inasmuch as the degree of non-orthogonality is expected

/to be small due to the small overlap between the oxygen
and hydrogen 1s AQ's, the results should not be entirely
meaningless., A direct comparison of the two treatments
should be of interest in view of the fact that this as-
sumption of no inner-shell-outer-shell mixing is, indeed,
utillzed quite extensively.

The requirement of a minimum amount of ls-2s~-2p mixing
in order to malntain MO-orthogonality has been called
forced hybridization by Mulliken (108). In the approximate
treatment, the neglect of this type of hybridization could
have been compensated for either by permititing the coeffi-
clent Cqq OF the coefficients Coo and €35 to take on non-
zero values. In either case, the simplification of the

secular equation secured in the approximate treatment
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would be lost. Thercfore, in the complete treatment, the
full measure of inner-shell-outer-shell mixing was intro-
duced; that is, all of the ground state LCAC coefficients
in (3,56) were allowed to assume non-zero values. This
mixing which is introduced over and beyond the minimum re=-
quirements expressed by forced hybridization might not be
expected to lead to an extensive improvement of the wave
function, Some gain must be secured, but 1t is more likely
that higher energy AO's, such as 2p hydrogen and 3s oxygen

functions, would be more valuable in this respect.

2. The ground-state MO's
AN ccssern

In Table 16 are listed the 3CF LCAQ coefficients for
the ground state MO's (see equations 3.56) as a function of
the H-0-H bond angle. Also given are the coefficients for
the MO's which are unoccupied In the ground state elec-
tronic configuration. The results are tabulated for both
the approximate (A) and complete (C) treatments,

A general perusal of the values, say of the 105 de-
gree treatment, rives an indlcatlon of the nature of the
MO's. The orbital ﬁ(aal), which was assumed in simple
MO conslderations to be a pure 28 oxygen AQ, here appears
to be rather bonding. A measure of negative charge has
been concentrated between the positive nuclei, thus lead-

ing to a lowering of the energy (109). The 4(3ay) MO,
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Table 16. LCAC SCF MO's for the ground state of H»0

iI-0-H bond angle (degrees)

Coeffi-
c¢lents 90 100 105
X cb A c A C

Qeccupled

orbitals
cy17! 0 -0.0031 0 -0,0032 0 -0,0033
¢33 0 -0,0037 0 -0,0038 0 «0.0039
¢32 1 1.0002 1 1,0002 1 1.0002
[y 0 0.0161 0 0.0162 0 0.0163
ell; 0 0.0026 0 0.0025 0 0,002l
coq! 0,202 0.17% 0,2073 0,179 0,207 0.,1781
c2] 0.243 0,210 0.245 0.211 0.243 0.2088
coo 0 -0,028 0 =-0.029 0 -0,0286
cof, 0.133 0.149 0.1257 0,139 0,120 0,1328
c3p’ 0.502 0,397 0.452 0.348 0.438 0.3341
c3] 0.603 0.477 0.534 o0.h11 0,51y 0,3917
32 0 -0.031 0 -0.027 0 -0,0258
033 -0.618 -00533 '00569 -0, 81 -005}-‘-8 '00%601
c3j, 0.67 0.759 0.736  0.810 0.757 0.8277
egg! 0.737 0.781 0.738 0,780 0.736 0.7759
et 0.550 0.582 0.57L.  0.606 0.582 0.6136
¢zh 0.618 0.585 0.587 0.554 0.575 0.5428

Unoccupied

orbitals
ey 4! 1,011 1.048 1.061
cﬁi 1.215 1.238 1.2
JE -0.082 -0.085 -0.0
CL“3 -O‘7TLI' "0.819 "'00833
oL -0.741 -0.671 -0.6l2
Cos' 1.300 1.2L7 1.230

2. Approximate treatment.

b. Complete treatment.
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Table 16. (Continued)

H-0-H bond angle (degrees)

Coeffi-
clents 110 120 180
AR cb A c A c

Occupled

orbltals
c11' 0 -0,0033 0 -0,0035 0 ~0.0038
e11 0 «-0,0038 0 -0,000,.0 0 -0.,0042
e1o 1l 1.0002 1 1,0002 1 1.0002
c13 0 0,0163 0 0.0165 0 0.0169
1, 0 0.0023 0 0.0021 0 0
coq! 0.204 0.175 0.20, 0.1740 0.224 0,1785
Coq 0.237 0.20 0.235 0.2001 0.250 0,1988
022 0 "‘0002 0 "'0.0283 O "000289
c23 0.825 0.8h9 0.829 0.8542 0.82y 0.8632
th 0.115 0.127 0.103 0.1129 0 0
ey 0.426 0.322 0.386 0.2835 0 0
c3] 0.14,96 0.375 O.lhly 0.3260 0 0
32 0 -0,025 0 -0.0220 0 0
¢33 0.528 ~0.1ihi0 »0.%77 -0,388) 0 0
c3f, 0.777 0.843 0.823 0.8802 1l 1
055' 0.740 0.777 0.748 0.7821 0.781 0,7863
e5T 0.59, 0.62l 0.616 0.6)38 0.681 0.6852

Unoccupiled

orbitals
)1 1.248 1.257 1.257
CLLZ «0,007 «0‘089 -0.093
¢)3 0.8l -0.870 -0.955
c&u -0.612 ~0.541 0
°65' 1.213 1.185 1.147
065 0-97 0.975 1,0000
Ceh -1.02 ~1.055 -1.130

8.

b.

Apprroximate treatment.

Complete treatment.
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although still having bonding characteristies, now contains
a negative oxygen hybrid (110). The coefficient of 2s must
be negative 1in order to make this 10 orthogonal to ¢(2al).
This adds electronic density to the negative lobe of 2pz
and subtracts from the positive lobe. Consequently, there
is a smaller concentration of charge between the nuclei
than if no 2s were present in ﬁ(Bal). T™is is relevant to
Mulliken's conclusion (108) that forced hybridization leads
to weakening of/bonding MO's, Here, the comparison is
being made between the most simple MO formulation in which
no 2s-2p mixing is allowed in g(3a;) and the present ap-
proximate treatment. A calculation carried out on the
former model would undoubtedly indicate that g{3a;) is a
strongly bonding orbital, Forced hybridization with re-
spect to the assumed Ilnner 2s shell would lessen this bond-
ing power. Further 2s-2p mixing equivalent to the approxi-
mate treatment probably lessens the bonding in %(3a1) but
strengthens the bonding in d(2a1) (see page 33).

As was indicated qualitatively in Chapter II, é(lba)
1s probably the most strongly bonding valence shell MO
for the [1-0-4 bond angle of 105 degrees. This 1s postu-
lated because of the weakened é(}al) bonding due to forced
hybridization and because of the more nronounced overlap
which can be attained in #(1by) at large bond angles.

In regard to the variation of the MO's with respect to
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bond angle, the following wualitative statements may be
made (39): at a bond angle of zero degrees, f(1lb;) becomes
a pure 2pT (y) AO on oxygen (with the real possibility of
bonding with a 2pT helium AQ, which is the united atom
function corresponding to GB), and ﬁ(Bal) vrobably 1is quite
bonding; at 180 degrees, d(lbz) takes on the greatest re-
sponsibility for bonding, while %(Bal) becomes a pure 2pT
(z) AC on oxygen.

It is interesting to note that for the bond angle of
105 derrees the ratio of the LCAQ coefficients in ﬁ(lbz)
is opposite to that which is to be expected on the basis
of the relative electroaffinity of oxygen and hydrogen
(see page 27). One might expect that suech a basis for
predicting LCAO MO coefficients would only be justified
if there were one valence orbital, In the case of H,0,
the orbitals tend to correlate themselves in a manner which
is governed only by the relative electroaffinity in a gross
sense., The 2s-2pz hybridization allows considerable charge
transfer in ﬁ(Bal), while the electrons in g(1b,) tend to
avoid the latter as well as going into the 0-~H bonding
regions,

It is seen that the differences between the approxi-
mate and complete treatments are, indeed, considerable and
quite significant in some cases., The difference between

the coefficients of Gi in %(3&1), the most extreme case,
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is 26 per cent, whille the average variation of all coeffi-

cients in the 105 degree calculatlon is about 11 per cent,

3. Total energy and sources of error

The total ground state SCF electronic energles are
given in Table 17 as a function of bond angle for both the
approximate and complete treatments. Also listed are the
nuclear repulsion, total molecular and dissoclation ener-
gies. The latter are obtained by subtracting the theoreti-
cally calculated total energy of the separated atoms from
the total SCF molecular energles. The electronic energy
of the oxygen atom, =-205l;,8 electron volts, was computed
using the same orthogonalized Slater AO's as were used for
the MO calculations.

Also listed in Table 17 are the corresponding experi-
mental energies for H20.

It is seen that these calculations indicate that the
minimum molecular energy occurs at a bond angle somewhat
greater than 120 degrees., This quite divergent result
should probably not be considered as serious as it might
first appear. The total electronic energy is the quantity
which is actually minimlzed by the SCF procedure. It 1s
found to differ from the observed value by only about
0.75 per cent, although the absolute difference is quite

considerable. As the bond angle decreases from 180 to
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Table 17. Tobal SCF energles for the ground stute of H50

H-0-H Type Total Nuclear Total
bond of electronic repulsion molecular Dissoc,
angle treatment energ energ energ energy
(deg.) (e.v, (e.v. (e.v.¥ (eava)
A% -2315,0 251,06 -2063.9 9.1
90
c? -2313,0 251,06 »2061.9 7.1
A “‘231!_‘..”, 250.25 “2061‘_01 903
100
C ~-2312.6 250,25 -2062.3 7.5
0
C -2312.uh 249,91 ~2062.53 TeT
105 Exp.  -2329.8 24,9.91 -2079.9%  9.49P
A -231}.0 249.61 -206lL.11 9.6
110
C -2312.1 219.61 -2062.8 8.0
A ‘2313:7 21,’9011 -20624,.6 9'8
120
5 A -2310.6 2h7.95 -2062.6 7.8
180
¢ -2309,9 247.95 -2062.0 7.2

a, A = approximate treatment, C = complete treatment.

b. Experimental dissociation energy from (22, p. L81);
observed total atomic energles from (111).
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90 degreecs, the electronic energy decreases by only about
0.13 per cent. The variable part of this large quantity
is thus very small,

Moffitt (5,112) has recently discussed to some length
the inadequacies of the present orbital theorles with re-
gard to energy calculations., IIls arguments are quite rele-
vant to the results of this calculation. It seems quilte
evident that if one is interested in determining the equi-
librium bond angle, the proper procedure would be to maxi-
mize the dissociation energy, a quantity which exhibits a
relatively pronounced variation with bond angle, It ap-
pears rather strange to attempt an accurate calculation of
the difference between two large quantities which are in
themselves almost twice as inaccurate as that difference.

There are several other possible causes for the diver
gence of the calenlated equilibrium bond angle from the ob-
served value., Most of these points are applicable in gen-
eral to the whole problem as being sources of error. They
are considered here because of thelr svecisl relation to
the total energy problem.

The possibility that CI (see page 9) may be of impor-
tance should be considered. This question is discussed in
detail 1in a following section. It is found tentatively
that CI to a certain approximation is of negligible Impor-

tance and is not able to account for the above dilscrepancy
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between theory and exveriment.

Another possibility 1s that the LCAO approximation is
poor with respect to this total energy calculation, One
might expect the best AQ's to be quite different for small
bond angles than for large. It has always been hoped in
MO calculations that variation of the LCAO coefficients
alone would sufficiently account for any required changes
in the orbitals., The questlion of better Z~values for the
AQO's as well as the addition of higher energy orbitals 1is
especially relevant in this reapect,

It rmst also be remembered that these calculations
were carried out only for the experimental value of the
0-H bond distance., There is some possibility that the
computed total molecular energy minimum lies at some other
bond angle, say less than 120 degrees, and some O~H bond
distance differing from 0.9580 angstroms.

The approximate values used for many of the three-
center integrals may, of course, be held accountable for
the large calculated equilibrium bond angle. The errors
involved in these approximations are of a magnitude to be
of real importance. For H50, there are several large

three~center integrals involving either the 2pz or 2py

AO's which vary quite considerably with bond angle, A
partial test of the effect of these approximations on the

total energy was carried out. This 1s treated in detall
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in section 9. It was found that the possible errors con-
tained in the three-center integrals may very well be re-
sponslble for the divergent results in the dissociation
ensergy calculation.

Finally, it should be noted that there was the ever-
present possibility of numerical error in as long and te-
dious a calculatlion as was attempted here, Lvery precau-
tion was taken to reduce these possiblilities to a minirmum.
Once the integrals were evaluated and checked several
times, and the basic calculations set up, the nature of
the SCF procedure makes any further error a nractical im-

possibility.

i+« The dipole moment

Using the SCF MO's from the complete treatment glven
in Table 16, the dipole moment of H,0 was calculated for
all bond angles. The results are given in Table 18, and
the detalls of the computation are furnished in Aprendix D.

The computed dipole moment ls one of the important
criteria for judging the accuracy of a wave function. It
is seen that the result for the observed H-0~H bond angle
1s in quite good agreement with the experimental value
of 1.8 D,

The dipole moment was also computed using the MO's
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from the approximate treatment. The result is 1.21 D.
This value was obtalned, however, by assuming that all of
the MO's are orthogonal., If this approximation 1s valid,

it could be stated that the improvement of the wave

Table 18, The calculated dipole moment
of the ground state of Hy0

H-0~H bond angle Dipole moment
(degrees) (Debye units)
90 1.53%
100 1.55
105 1.52
110 1.45
120 1.32
180 0

8. All values directed in the sense H2+O'.

functlon on going from the approximate to the complete

treatment is quite astonishing.

5. Ionization enercies

An SCF orbltal enersy should represent a good approxi-
mation to the negative of the corresponding experimental I
(1,6). 1In Table 19, the orbital energies are listed for
both the approximate and complete treatments for all bond

angles. Also given are the observed I's as well as the SCF



Table 19. LCAO SCF orbital energles for the ground state of H,0 (e.v.)

H~0-H bond angle (degrees)

o 90 100 105 Observed
A% cb A c A c

€(lay) -560.08 -558.09 -55%.37 ~557.52 -559.12 -557.27

€(2aq) -38.19 -36.86 ~37.65 -36.140 -37.43 -36.19

€(1b,) -18.7  -17.8 -18.9  -18.3 -19.2 -18.55  -16.210.3°.4

€(3ey) -15.5 -1,.2 -1h.6  -13.6 -1.2  -13.20 -1l.510.3¢,€

€(1bq) -13.4 -12.2 -13.0 -11.9 -12.8  -11.79  -12.610.1%:F 1
Lo
o

€(hay) 12.1 13.6 13.7 '

€{2by) 16.1 15.9 15.9

a. Approximate treatment.

b, Complete treatment.

¢. Negatives of ionization potentials obtained by electron

d. Spe

e, No

ctroscopic value: 16.0 1 0.5 e.v. (49).

spectroscopic value recorded.

f. Spectroscopic value: 12.56 1 0.01 e.v. (50).

impact (48).



Table 19. {(Continued)

H-0-H bond angle (degrees)

MO

110 120 180
AR cb A c A c
€(1aq) -558.96 -557.17  -558.58 -556.83  -556,08 -554.80
€(2ay) -37.30 =36.07 -36.92  -35.75 -34.79 -34.11
€(1b,) -19.5 -18.9 ~-19.9 -19.48 -21.0 -20.78
€(3ay) -14.0 -13.0 -13.1 -12.60 -11.3 -10.80
€(1by) -12.8 -11.8 -12.5 -11.6} -11.3 -10.80
€(liaq) .0 1.5 .h
€(2b,) 15.7 15.3 15.8

-2CT=

a, Approximate treatment.

b. Complete treatment.
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orbital energles for the unoccusied MO's.

There 1s little doubt that the first observed value
correaponds to removal of a non-bonding 2px electron, The
calculated value is too low because the correlation energy
for the resulting HZO+ ion, calculated using ground state
orbitals, is less than that for the ground state itself,
In other words, there is an excessive amount of electronic
repulslon encountered in (2px)2 in the orbital victure of
H,0 due to the 1lnablility of the electrons to avoid each
other, This is not encountered in the resulting Hy0% ion.
Quantitative justification 1is glven for this fact by the
correlation energies for the resulting dissociation pro-
ducts. The calculated energy of 0% (1522332p3, hS) is
11.5 electron volts above the observed and of
0 (1322322ph, 3p) 1s 15.7 electron volts above the true
energy. The appropriate valence state correlation energies
are comparable to these.

It is somewhat disturbing that upon molecule forme-
tion, the valence state I of the oxygen atom,

0 (1s22s22p, Vp) — o (1s22s22p3, V3), calculated to be
about 10 electron volts, is raised to the corresponding
molecular ionizatilon potential of 11.8 electron volts.
This 1s directly opposed in direction to that which 1s
observed: 1.7 to 12.6 electron volts., The latter has

generally been attributed to charge transfer effects, a
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phenomenon which also certalnly takes place in the theo-
retical results, but apparently does not manifest 1tself
in this manner. The difficulty can be explalined in terms
of correlation energles, a factor which certainly reminds
one of the strong objectlons voiced by Moffitt concerning
he energy calculations of present orbital theories (5,112).
The calculated energy of HgO*, using H,0 SCF ground state
MO's, is very poor relative to that of 0%, using oxygen
atom Slater AQ's, whereas the correlation energies for Hzo
and 0 are comparable 1ln magnitude.

It has been noted by Mulliken (59) that g(1by) may be
weakly bonding, as attested by the large - overlap;
S(2pﬂh,,2pﬂo) equals 0.19. This is also indicated experi-
mentally in OH by the increase of internuclear distance by
0.058 angstroms upon removal of the M-electron.

There exists some question concerning the assignment
of the higher ionlzation potentials (48). These calcula-
tions favor the designations as listed in Table 19. The
numerlical agreement 1ls not as satisfactory as one might
like, although the order of asslipnment seems quite well
determined. It 1s possible that the use of exact values of
three-center integrals would bring ahout better agreement
with the observed I's, but it 1s doubtiul that the order
would be reversed. The discussion on pages 33-36 l1ls espe-

clally pertinent In this regard. A significant difference
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between the potentials for ﬁ(lbe) and ﬁ(Bal) exists even at
90 degrees. It is interesting to note that there is a two
electron~-volt difference between the second and third I's
of HoS (148), in which the equilibrium bond angle is about
92 degrees.

As was also noted in Mulligan's treatment of CO, (66),
conslderably higher I's are calculated for the non-valence
shells than those vredicted by Mulliken. The value for
ﬁ(Zal) is partially explained by the fact that Mulliken
took this orbital to be non-bonding (£'~ 32 electron volts),
whereas the SCF function turns out to be quite bonding.

he varlance of the computed orbital energy of ﬁ(lal)
from the observed K-shell X-ray absorption limit for the
oxygen atom (52l electron volts) is due to the choice of
the Slater ls orbital; the calculated valence state loniza-
tion potential 0(1322522pu,V2)-# 0*(152&22pu,V3) using
Slater orbitals, is 557.1 electron volts.

6. The effect of configuration interaction

In MO calculatlons, the questlon of the 1importance of
CI often arlses. For low excited states, interaction of
this type is expected to be quite considerable since there
are liable to be many states of the same symmetry in the

same energy range, For the ground state of a molecule,
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however, CI should be of little importance. IHowever, some
calculations were carried out to test this assumntion.

The first question to be considered concerns the
choice of excited state wave functions to be utilized in
the CI calculation. Roothaan (1) has discussed this in
some detail in connection with the calculation of excita-
tion energies. It is assumed that the SCF ground state
MO's may be used. For H,0, ﬂ(hal) and ¢(2b2) are suitable
excited state MO's, thelr LCAO forms belng determlned com-
pletely by orthonormality conditlons.

If the assumption in the preceding paragraph is ac-
cepted, 1t can be shown that totally syymetric states which
differ from the H20 ground state by only a one electron
transition exhibit zero interaction wlth the ground state.
If any other MO's were used, CI would be of importance.

Two of the lowest excited states which do interact
with the ground state function in this approximation were
considered individually., They were

B, ¢ (1a))%(2a)%(32)%(10,) 2 (e )?

(3.57)
3, : (1a))%(2a,)%(32,)%(1b,)%(20,,)? .

The results of the CI are glven in Table 20. It 1s seen

‘that & 1 gives zero interaction with the zround state §o’
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and § 5 shows a slipht, but still neglligible interaction.
The coefficlents were not numerlcally determined, since it
is quite obvious that a and ¢ must be almost unity and

b and d must be nearly zero.

Table 20, Effect of
configuration interaction

Wavefunction® Total electronic
energy
(a.u.)
®s -8l.00h
ad,+bd, -8l., 00l

a. See equation (3.57).

Te he equivalent orbitals

As was discussed in Chapter II, J. A. Pople (53) uti-
lized the EQ (equivalent orbital) method of Lennard-Jones
(5l = 57) in a semi-empirlical manner to study the elec-
tronic structure of Hp0., Some modifications of the numeri-
cal treatment have recently been published by
A. B. F. Duncan and J. A. Fople (58).

The SCF MO's from the complete treatment were trans-

formed rigorously to the EC representatlon. The results,
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together with the values given by Duncan and Pople, are
given in Table 21. The orbitals g(by) denote bond EQ's,
the plus sign for the orbital directed to h', the negative
sign for that directed to h". The lone-palr 0's £(1l) are
directed to the backside of the oxygen aton. hey are
symmetrie with respect to the xz-plane, one orbital direct-
ed above the plane of the molecule, the other below the
plane,

It is immedlately lnteresting to compare the values
glven for the lone-pailr EO's at 105 degrees with the anal-
ogous hybridized AQ's calculated by the magic formula,

Such a comparison misht be subject to some criticism,

since the latter method is essentlially based on VB theory.
The analogy between the lone-pair functions, however, seems
to be quite reasonable, It 1s seen that the results of the
magic formula for these electrons lie intermediate between
those of the present calculation and those by Duncan and
Pople,

On the basgis of the SCF results, complete localization
of bond EQ's seems to be unjustified. Also, the assumption
that these orbitals are aligned with the bond axis appears
to be a restriction which is not entirely substantiated by
the SCF calculations nor the magic formula results., In
fact, the angle between the SCF bond functions, as indi-
cated by the coefricients of 2pz and 2py, appears to
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Table 21. The 0's for the ground state of H20

B0 AO 90 105 120 180
SCF SCF  Duncan- Magle SCF SCF
Pople® FormulaP

g(by) n! 0.607 0,577 0,58 0 0.557 0.482
n" -0.17l ~0.199 0 0  -0,225 -0.304

o] -0,028 -0.026 0 0 -0.024 -0.020

8 -0.105 -0.006 0.06 0.29 0.082 0.610

z 0.534 0.561 0.37 0.65 0.572 0

¥y to.yiy 10.38h to.y9  to.71 %0.355 10.310

ﬁ(li) o -0.009 -~0.009 0 0 ~-0.009 0
8 0.697 0,680 0,58 0.65 0.658 0
z -0.120 -0.192 -0.41 -0.29 -0.258 -0.707
x t0.707 to.707 to.71  fo,71  to.707 10.707
a. Adapted from results of Duncan and Pople (58).
b.

Derived from values given in equation (2.)3).
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decrease as the bond angle increases. Bond localization is
exact for a bond angle of zero degrees, and poorest for
180 degrees. For this reason, inspection of the variation
of EO bond propertles as a function of angle is probably
questionable,

The dipole moment arising from the lone-pairs 1is found
to be 1.69 D as compared to the Duncan and Pople value of
3,03 D. The total bond dipole 1s «5.77 D while the other
workers' result was -6.82 D. The moment due to the hydro-

gen nuclei is 5.60 D.

8. The first singlet electronic excited state

Utilizing the same ex~ited SCF function for ﬁ(ual) as
was utlilized in the CI calculation, it 1s possible to cal-
culate the excitation energy, as well as the corresponding
oscillator strength, for the lowest predicted electronic
transition. This involves the promotion of one electron

from the g(lby) MO to the unoccupied #(ual) orbital:

(1a,)2(2a,)?(1b,)2(3a,)2(1b,)2 , 1a
1 1 2 1 1 1 (3.58)

(1a1)%(221)(1b,)%(38,)% (10, ) (hay) , 1238,

There are three absorption peaks 1n the vacuum ultraviolet

at 1608, 1648 and 1718 angstroms (113) which might be
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attributed to this transition. It is interesting to note
that the two energy separations between successive bands
are both about 1500 wave numbers, which nearly eguals the
fundamental frequency for the symmetrical bending
vibration (29, p. 281).

The calculated energy for the transition (3.58), using
SCF ground state MO's, 1is 96,200 wave numbers, The absorp-
tion would then occur at 1040 angstroms. The result is not
expected to be very accurate, since the approximation of
g(4a ) 1is certainly of doubtful validity.

Mulliken (4O) takes the excited MO g(Laj) to be a pure
oxygen 3s AO. Since this higher energy AC was not used in
the present LCAQ set, 1t is quite llkely that the computed
orbital which has been used here is quite 1invalid.

Oscillator strengths for the transition (3.58) were
also computed. he dipole length method may be formulated

as Tollows:

2
£ =(1.085 x 101) [ { (1op)x(ley)av]” ,  (3.59)

where the frequency of the transition,V, is in wave num-
bers and the integral is in centimeters, The resulting

value is 3 x 10'6. The dipole velocity method,

12
£ o= (1.6 x 109) [ §(1by) (a/ax) (haq)av] /Y ' (3.60)
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where ¥ 1s in wave numbers and the integral is in inverse
atomic units, gives the result 0,037. In both calcula-
tions, the theoretically calculated value for vV was uti-
lized., If the experimental frequency of transition1v were
used in (3.59) and (3.,60), the results would be changed to
1.89 x 10~ and 0.059, respectively. The exverimentally
observed £ number 1s 0,03 (113).

The dipole length method seemingly gives a very poor
result. This may very well be attributed to the fact that
no 3s character has been included in the exclted state
function. The 3s AQ, with its ra-dependence and exponen-
tial part undoubtedly containing a low Z-value, would
probably predominate at large distances. But it is at
large distances where the dipole length method 1s most
sensitive. The absence of 33 character from g{Laj) would
cause the resulting computed f number to be low,

These predictions were partially substantiated by

some simple calculations based upon the assumption that
the transition (3.58) is simply (2px) — (3s). Slater AU's
were utilized, the Slater Z-value for 3s being 1.75.
Using the experimental value for v, the dipole length
method gave the more reasonable result of 0.016, while the
dipole velocity value was 0.191.

Integrals required for the dipole length method as

given in equation (3.59) may be found in Appendix D. The
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additional integral involving the 3s AQ may be formulated

as follows:

{(2px)x(38)av 6u(1o)1/2p25/2p37/2(p o+ pa)T7

(3.61)
0.2929 a.u.

The integrals for the dipole veloclity calculation are
given by H, Shull (1ll), with the exception of the inte-

gral involving 3s, which is given as follows:

f(39) (a/ax) (2pm)av = 32(10)1/23,5/22,7/2(5)=1( 4 4+ py)=5.

(3.62)
= 0,2815 a,u,

9. Dependence of the results on aprroxlmate Iintegrals

In addition to the SCF calculations originally car-
ried out and described In the preceding pages, a second
complete treatment for the bond angle of 105 degrees was
performed. In thils computation, the values for two of the
ap-roximate three-~center integrals were revised as
follows:

(":h'z): 0,1581— 0,1337

(3.63)
(n"h":h'z): 0.1400->0,1028 ,

where values are given in atomle units,
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Results of complete SCF treatment

using revised values of integrals

First complete Revised complete

calculation calculation
LCAO coefficlents
¢oq! 0,178 0,176
cgz -0,029 ~-0,028
53 0.8445 0.848
caf, 0.133 0.130
031' 0.33 0.339
632 ‘0'02 -0.026
033 "Oo 68 -0.%60
cBh 0.82 0.826
¢ 0.776 0.81lL
055 0.543 0.511
56
Orbital energies®
E(lal) "557-3 "558-6
6(28.1) -36.2 '-36.8
€(3a7) -13.2 -1L.0
€(1bs) -18.6 -19.1
€(1vy) -11.8 -12.5
Total energies®
Electronic -2312.4 -2312,8
Molecular -2062.5 ~-2062.9
Dissociation 7.7 8.1

a., Values given in electron volts.
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These two were chosen since thelr probable error was con-
sidered to be relatively high. Also, it is qulte possible
that the minimum molecular enercy is duite dependent upon
these integrals as well as upon the analogous integrals
containing 2py instead of 2pz. It should be noted that
-the above revisions were probably somewhat overemphasized.
- The complete results, with the exception of the LCAQ
coefficlents for d(lal) which were unchanged, are given
in Table 22, It 1s significant that the Ay l10's have
changed very little, but the B, orbltal has changed quite
considerably, The orbital enersles also have undergone
rather noticeable variatlons. The total molecular energy
has been depressed to a value which is almost egual to the
energy of the 120 degree configuration in the original
calculation., It would be interesting to determine whether
or not the energy minimum is actually shifted to smaller
angles by the introduction of these revised integrals.

The revised calculatlon thus emphasizes the need for
exact values of threes-center Inteprals if a real test of
this theory is to be carried out. Up to the present, the
usual emphasls has been merely to include all integrals

whether they are approximated or not.
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IV, COuCLISIONS

The ma jor conclusions derived from the foregolng re-

search may be listed as follows:

1.

3.

The most simple MO and VB approximations present an
inadequate understanding of the properties of HyO0.
The Princlcle of Maximum Overlap by itself should be
held only as a most qualitative idea, since molecule
formation can be regarded as a competition between
many factors of comparable importance, one of which
is the procurement of large bond overlap,

Individual study of the many three~center integrals
involved in these calculations indicates that more
reliable approximations than the usual ones are
worthy of investigation.

The SCF MO's are in relatively good agreement with
qualitative considerations of the electronic struc-
ture of Hy0.

The SCF MO method which neglects MO-orthogonality,
even with respect to inner-shell ls electrons, gives
results which are significantly different from those
of the more complete treatment.

The SCF MO energles are found to be in as good
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agreement with experiment as cun be expected, One
mist take into account the fact that the orbital and
total enercies were dlfferences between quantities
each of which has an error comparable to the dif-
ferences sought.

In the approximation utilized, configuration inter-
action (CI) was found to be unimportant with respect
to the MO ground state wave function,

Comparisons of the SCF MO's with orbitals found by
other methods was found to be quite encouraging.
Calculations were performed to determine the nature
of the first excited singlet state of Ho0. The
transition probability results were found to core
relate relatively wcll with experiment.

The effcet of error in the three-center integrals

on the SCF calculations was found to be of

significance.
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V. SUMMARY

The first vart of the thesis included a brief general
description of the two approximatlions, the molecular or-
bital (MO) and valence bond (VB) methods, which are gen-
erally utilized in treating vroblems of electronic struc-
ture., The historical application of these methods Lo the
water molecule was then reviewed and discussed in some de-
tall, The more recent qualifications of these early
treatments were described and found to yield quite satis=-
factory qualitative explanations for the electronic prop-
erties of HpO.

Chapter III included the general formulation of the
present SCF LCAO MO treatment of Hy0, the evaluation and
approximation of integrals involved in the calculations,
and the presentation of the results and interpretations
thereof,

Chapter IV gave a brief list of the major conclusions

derived from this work.
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VIITI., APPENDICLS

A, Thne HEvaluation of (0:hth")

M. P. Barnett and C. A. Coulson (92) have given a

general infinite series expansion of the function
rpL exp(-pry) ' (A.1)

in terms of ry and ea. The explicit formulation includes
products of ordinary Legendre polynomials and certain
other functions which are derived from standard bessel
functlions of half integral order and purely imaginary
argument. This series was substituted for h! and h" in
the integral (0:h'h"). The resulting expansion, after

integration over 6 and 4, may be written as follows:

= e 2
(0:htn") = E_}Oup R1(2n + 1)Py(cosY) ([pp(lpr,pR)] ar,
0 (A.2)
where the function in the Ilntegral 1s deflned in reference
(92). Utilizing this definition, the expansion was formu-

lated in terms of integrals of the following form:

R
Xn = g Ine(r)rzdr (A.B)



Table

23. The series expansion of (0:h'h™)

H-0-H bond angle (degrees)

n 90 100 105 110 120 180
o} 0.27715 0,27715 0,27715 0.27715 0.27715 0.27715 0.27715
1 0.16114 0 -0.02798 ~0.04171 -0.05511 -0.08057 ~0.1611L
2 0.0505) =0.02527 -0.02298 -0.02019 -0.01640 -0.00632 0.05054
3 0.01465 0 0.00362 0.00505 0.00605 0.00641 -0.01465
Iy 0.00572 0.00215 0.00152 0.00082- -0.00002 -0.00165 0.00572
58 0.00145 0 -0.00041 -0.00050 -0.00048 -0.00013 -0.00145
Total 0.51065° 0.25403 0.23092 0,22063 0.21119 0.19489 0.15618

a.

b.

By graphical extrapolation.

Exact value:

0.51084.

-QSI-
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R
a5 e 1 et
0

Y =

Xyt = g an(r) r2dn (A.3)
R

7' = wle) ryir)nfar
R

It may be shown for both primed and unprimed funec-
tions that

X, = (2RL, + Y, _4)/3
and (A.L)

T = [Ban -3n+1)Y, 4 + 2(n 4 l)RLml]/(zn + 1),

R
where Ly = S Inz(r)rdr. The latter integral may be eval-

0
uated from the bessel e uation (115).

Analytlcal evaluations of the X, and ¥, for small n
were carried out to ten significant figures. Egquations
(A.LL) were then utilized to evaluate higher integrals,
The bessel functlons were evaluated explicltly for the
desired parameters given by Barnett and Coulson. The
mumerical results of the series expansion are glven in

Table 23.
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B. The Evaluation of (hth":sts!) and (h'h":z'z!)

These evaluations were based upon K, Rﬁdenberg's exX-
pansion method for three- and four-center integrals (101),
They are based upon the expansion of h' and E: in terms of
a coﬁblate orthogonal set of AQ's on the oxygen atom,

which may be formulated as follows:

hs= L 2, S[h,x(nji]x(nj) . (B.1)
js0 nwjel
The set of function x(nj) are constructed from ordinary
Slater AQO's, These are automatically orthogonal for dif-
ferent values of j, but linear combinations must be taken
to form an orthogonalized sub~set with constant 1.

The overlap Integrals over Slater AQ's were maximized
with respect to parameter 7 contained in each. In this
manner, it was hoped to secure maximum rapidity of con-
vergence of the series,

Fauation (B.l) was substituted into the integrals,
yielding a seriles involving the overlap and monomiclear
repulsion integrals. These were then evaluated by stand-
ard methods to yileld the results glven in Table 2l for
the H~0-H bond angle of zero degrees, For other bond

angles, each term 1s multiplied by Pj(cosY) in the same



Table 2li. The evaluation of (h'h":s's') and (h'h":z'z')
(h'ht':z'zt) (h'tht:stat)
j n Subtotal Total Subtotal Total
0 1 0.26683 0,26070
2 ~0.02343 -0.,02196
3 0.02915 0.27255 0.02525 0.26399
1 2 0.16532 0.15339
3 -0,00211 0.00077
-0.00362 0.,15959 -0,00653 0,14763
2 3 0.05792 0.04908
0.00311 0.00087
5 0.00017 0.06121 0.0001 0.05009
3 L 0.01800 0.01418
5 0.00041 0.00122
-0.00191 0.01650 ~0.00213 0,01327
Total 0.5098) 0.1 7498
LExact 0.51029 0.1,8061
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manner as for (O:h'h"),

The Radenberg method 1s quite difficult to carry out
because of the cumbersome orthogonalization requirements.
Furthermore, the convergence of the series over n seems to
be quite erratic, The Barnett-Coulson method (92) is prob-
ably better in this respect since the double series is re-

duced to a single series.

C. The Charged Sphere Repulsion Formulas

The following formulas were derived by standard inte-
grations of the classical repulsion between uniform charge
distributions. The more complicated integrations were
carried out in cylindrical coordinates.

The first case is the most general, that of two
intersecting uniformly charged spheres of different radiil,

Ry and Ry, the centers of whnich are at a distance R, apart:
E = G1Q2(160)"1R;"3R,"3R,"1[5(R 6 + R,0) - RoO
+ 30RoRy®Ry2(LR; + IR, - 3R,) + 80R,R,3
- 3(r 3 3y - 5 5
4ORoZ(R,~ + R,7) - 2URG(R. 2 + R,2) (C.1)
2(p. b - 2p 2(gp 2 2
+ USRZ (R + RZH) 43R, 2R,2(R 2 + R,2)

+ 15RM(R,Z 4 312)] .



~163=~

For the speclal case of egual radil, (C.l) may be

written

E/(Q].Qg) = 6/(531)

(c.2)
- (160)"1R,"0[80 RoZR,3 - 30 R3R,Z 4 RS ] .

If R <Ry, and if the smaller sphere 1s contained en-

tirely within the large, the repulsion may be written
E = 03Q,(10)"IRy"3[15R,2 - 3R,2 - SR.2] . (c.3)
If Ry 1s equal to zero
E = 3,Q,(10) " R,"3[BR,2 - Ry2] . (c.h)

If the spheres have equal radii and are directly

superposed,
E = 6/(5Ry) . ~(c.5)

he repulsion between a srherical distribution and a

point charge within it 1s given by
g = 271r "3(38,2 - R) , (C.6)

where R, is the distance of the point from the center of
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the sphere,

If the point charge 1s on the surface of the sphere,

or outslde of the sphere,
E = 1/Rg o (CeT)
If the point charge is at the center of the sphere,
g = 3/(2R]) . (C.8)

Finally, if two charpged spheres do not overlap, their

repulsion is given by equation (C.7).

D. The Dipole Moment Integrals

The dipole moment of Hy0 may be expanded by using
suitable transformations so as to be expressed in terms
of simple integrals over AQ's. The general formulas for
these integrals, together with their numerlcal values for

the parameters used in Hp0 are glven as follows:

SlsaZsza'dv = 32}13/%p'5/2(;1 ¥ p')'s = 0,050

[2sq1212p751av = (5)(3)Y267 1,71 = 0,635
(for equal‘p-values)

{18,218, av = 8'1Ru}1a3/?pb3/2(A331 - 8;B5) = 0.0512
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(184 2 25, 1av = 16'13'1/%pa3/%pb5/2R5(AuBl - A8,
“A3Bp + AyB)) = 0.1270

Slsa z 2pzyp'dv = lé“lpa3/2pb5/2R5(ABBl - AqB3
- AuBE + AZBu)= -0.28L7

Slsa X 2pyp'dv = 32'}Pa3/2pb5/2R5[Au(Bo - Bg)
v Bp(By - By) t 40(B, - Bh)] = 0.3561 .

The z-direction is taken along the molecular axis,
The origin of z and y is taken to be at the mid-point be-
tween a and b, the positive direction of z being towards b.
The positive lobe of 2pzb 1s directed towards a. The
argument of Ap 1s %R(}la + pp)s that of By 1s %R(}la - Pp).

Tables and recusion formulas are given by Kotani (90).
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